CHAPTER 8 TECHNIQUES OF INTEGRATION 



8.1 INTEGRATION BY PARTS 

1. u = x, du = dx; dv = sin | dx, v = —2 cos § ; 

J x sin | dx = — 2x cos | — J* (—2 cos |) dx = — 2x cos (|) + 4 sin (|) + C 

2. u = 9, du = d 9\ dv = cos tt9 d 9, v = - sin tt9\ 

77 7 7T 7 

f 9 cos n9 d9 = - sin tt9 — f 1 sin 7T0 d0 = - sin 7T0 + -4 cos n9 + C 

cos t 
sin t 
—cos t 
—sin t 

J' t 2 cos t dt = t 2 sin t + 2t cos t — 2 sin t + C 





7. u = x, du = dx ; dv = e x dx, v = e x ; 

J x e x dx = x e x — J e x dx = x e x — e x + C 

8. u = x, du = dx ; dv = e 3x dx, v = |e 3x ; 

J xe 3x dx = |e 3x — | J e 3x dx = |e 3x — ^e 3x + C 
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9. 



2x 

2 

0 



(+)_ 

(+) 



e 



— X 



e 



— X 



J x 2 e x dx = —x 2 e x — 2x e x — 2 e X + C 



x 2 - 2x + 1 
2x^2 

2 

0 



a 2x 



(+) 

(-) 

(+) 



i„2x 

2 e 



l„2x 

4 e 



,i e 2x 



f (x 2 - 2x + l)e 2x dx 



= i(x 2 - 2x + l)e 2x - i(2x - 2)e 2x + ±e 2x + C 

= (i x 2 -i x +!)e 2x + C 



11. u = tan 1 y, du = ; dv = dy, v = y; 

J tan -1 y dy = y tan -1 y - J (1 y + dy 2) = y tan' 1 y - \ In ( 1 + y 2 ) + C = y tan -1 y - In y 7 1 + y 2 + C 

12. u = sin' 1 y, du = ^ dy ^ ; dv = dy, v = y; 

J sin' 1 y dy = y sin” 1 y — J J ' dy ^ 2 = y sin' 1 y + i/l — y 2 + C 

13. u = x, du = dx; dv = sec 2 x dx, v = tan x; 

J x sec 2 x dx = x tan x — J tan xdx = x tan x + In |cos x| + C 

14. J 4x sec 2 2x dx; [y = 2x] — > Jy sec 2 y dy = y tan y — J tan y dy = y tan y — In |sec y| + C 

= 2x tan 2x — In |sec 2x| + C 



15. 



x 



3 




3x 2 

6x 



(+) 



6 

0 




e x 

e x 

e x 

e x 

e x 



J x 3 e x dx = x 3 e x — 3x 2 e x + 6xe x — 6e x + C = (x 3 — 3x 2 + 6x — 6) e x + C 
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16. 



4p 3 

12p 2 

24p 

24 

0 



(+) 

(~) 

(+) 

(-) 

(+) 



e- p 



— e~ p 



e- p 



-e~ p 



e- p 



-e~ p 



J p 4 e p dp = — p 4 e p — 4p 3 e p — 12p 2 e p — 24pe p — 24e p + C 
= (-p 4 - 4p 3 - 12p 2 - 24p - 24) e- p + C 



17. 



x 2 — 5x 



2x — 5 

2 

0 



e x 

(+) , 



(+) 



J (x 2 — 5x) e x dx = (x 2 — 5x) e x — (2x — 5)e x + 2e x + C = x 2 e x — 7xe x + 7e x + C 
= (x 2 - 7x + 7) e x + C 



r 2 + r + 1 

2r+ 1 

2 

0 



(+) 

(-) 

(+) 



e r 

e r 

e r 

e r 



J(r 2 + r + 1) e r dr = (r 2 + r + 1) e r - (2r + 1) e r + 2e r + C 
= [(r 2 + r + 1) - (2r + 1) + 2] e r + C = (r 2 - r + 2) e r + C 



19. 



5x 4 

20x 3 

60x 2 

120x 

120 

0 



e x 

(+) , 



(+) 



(+) 



J x 5 e x dx = x 5 e x — 5x 4 e x + 20x 3 e x — 60x 2 e x + 120xe x — 120e x + C 
= (x 5 - 5x 4 + 20x 3 - 60x 2 + 120x - 120) e x + C 
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20 . 



2t 

2 

0 



(+) 

(~) 

(+) 



i e 4 ' 

4 e 



2_ f> 4t 
16 C 



2_ f> 4t 

64 e 



J t 2 e 4t dt = | e 4t - ^ e 4t + £ e 4t + C = £ e 4 ' 

= (? _ I + 52) e4t + c 



g e 4t + e 4t + C 



21. I = f e 9 sin 8 d0; [u = sin 8, du = cos 0 dO; dv = e 9 dd, v = e 9 ] => I = e 9 sin 9 — J e 9 cos 9 d 9\ 

[u = cos 9, du = — sin 8 d 9\ dv = e 9 d 9, v = e 9 ] => I = e 9 sin 9 — (e 9 cos 9 + f e 9 sin 9 dt?) 

= e 9 sin 9 — e 9 cos 9 — 1 + C' => 21 = (e 9 sin 9 — e 9 cos 9) + C =>• I = \ (e 9 sin 9 — e 9 cos 9) + C, where C = 
another arbitrary constant 



22. I = f e y cos y dy; [ u — cos y, du = — sin y dy; dv = e~ y dy, v = — e~ y ] 

=> I = — e~ y cos y — J (— e~ y ) (—sin y) dy = — e~ y cos y — J e~ y sin y dy; [u = sin y, du = cos y dy; 
dv = e~ y dy, v = — e~ y ] I = — e~ y cos y — (~ e y sin y — J (— e y ) cos y dy) = — e~ y cos y + e~ y sin y I + C' 

=> 21 = e~ y (sin y — cos y) + C' => I = I (e~ y sin y — e~ y cos y) + C, where C = y is another arbitrary constant 

23. I = J e 2x cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e 2x dx; v = \ e 2x ] 

=>■ I = i e 2x cos 3x + | J“ e 2x sin 3x dx; [u = sin 3x, du = 3 cos 3x, dv = e 2x dx; v = \ e 2x ] 

=> I = t e 2x cos 3x + | ^ i e 2x sin 3x — § J e 2x cos 3x dx j = \ e 2x cos 3x + | e 2x sin 3x — 1 1 + C' 

=> -j I = d e 2x cos 3x + | e 2x sin 3x + C' => ^ (3 sin 3x + 2 cos 3x) + C, where C = C' 



24. J' e 2x sin 2x dx; [y = 2x] — 4 | J' s y sin y dy = I; [u = sin y, du = cos y dy; dv = e y dy, v = — e y ] 

=> I = 1 e y s ^ n y + f e y cos y dy) [u = cos y, du = — sin y; dv = e~ y dy, v = — e~ y ] 

=> I = - \ e~ y sin y + \ ^-e~ y cos y - J (-e~ y ) (— sin y) dy) = — \ e~ y (sin y + cos y) — I + C' 

=t> 21 = — | e~ y (sin y + cos y) + C' =>■ I = — 1 e~ y (sin y + cos y) + C = — ^ (sin 2x + cos 2x) + C, where C 



25. 



J e ys+9 ds . 

| / xe x dx = 



3s + 9 = x 2 " 
ds = = x dx 

| ^xe x - J e x dx) 



J' e x ■ | x dx = | J xe x dx; [u = x, du = dx; dv = e x dx, v = e x ] ; 
= | (xe x - e x ) + C = | ( v /3s + 9e y/2s + 2 - e^+*) + C 



26. u = x, du = dx; dv = \J 1 — x dx, v = — |y/(l — x) 3 ; 

fo x V / i T7 X dx = [- |y/(l-x) 3 x] o + l f 0 y/(l ~ x) 3 dx = | [— | (1 - x) 5 / 2 ] J = £ 

27. u = x, du = dx; dv = tan 2 x dx, v = f tan 2 x dx = f ^ dx = f d f _dx_ _ f dx 

’ ’ ’ J J COS 2 X J COS 2 X J COS 2 X J 

= tan x — x; J o x tan 2 x dx = [x(tan x — x)] ^ — J o (tan x — x) dx = | ^y/3 — |) + j^ln |cos x| 
= f (v / 3-f)+lni + ^ = ^#-ln2-^ 
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28. u = In (x + x 2 ), du = (2x + 1)dx • ^ - 



; dv = dx, v = x; J In (x + x 2 ) dx = x In (x + x 2 ) — J • x 



dx 



= x In (x + x 2 ) - f {2x ^l dx = x In (x + x 2 ) - J 201 ^ -1 dx = x In (x + x 2 ) - 2x + In |x + 1| + C 



u = In x 
du = - dx 

X 

dx = e“ du 
= \ [—x cos (In x) + x sin (In x)] + C 



29. J sin (In x) dx; 



J" (sin u) e u du. From Exercise 21 , J (sin u) e 11 du = e u ( Sln u 9 cos u ) + C 



30. J z(ln z ) 2 dz; 

, (+) 

u" ► 



u = In z 
du = i dz 

Z 

dz = e" du 

,2u 



1 - 2 “ 

2 e 



f e u - u 2 • e u du = f e 2u • u 2 



du; 



2 u — — — ♦ j e 2u 



(+) 



12 “ 
O C 



f u 2 e 2u du = f e 2u - | e 2 “ + \ e 2u + C = f [2u 2 - 2u + 1] + C 



= \ [2(ln z ) 2 — 2 In z + 1] + C 



31. J'x secx 2 dx Let u = x 2 , du = 2 xdx =>■ jdu = xdx — >J'xsecx 2 dx = 5 J'secu du = ^ln|secu + tanu| + C 
= ilnjsecx 2 + tanx 2 | + C 



32. /• 



dx 



Let u = \/x, du = dx => 2du — - 4 - dx 

V 2y/x sjx 



33. J x(ln x ) 2 dx; 

, (+) 

u" ► 



u = In x 
du = - dx 

X 

dx = e u du 

2 u 



1 - 2 “ 

2 e 



I dx = 2 J cos u du = 2 sin u + C = 2 sin-^/x + C 
f e u • u 2 - e u du = Je 2u • u 2 du; 



2 u - ) > j e 2u 



(+) 



12 “ 
O C 



f u 2 e 2u du = f e 2u - § e 2 “ + \ e 2u + C = f [2u 2 - 2u + 1] + C 
= f [2(ln x) 2 - 2 In x + 1] + C = f (In x) 2 - f In x + f + C 



34. f 1 dx [Let u = lnx, du = - dxl — > f 1 dx = f ^ d u = — l+C = -p-+C 

J xflnx ) 2 |_ ’ x J J xflnx ) 2 J u 2 u lnx 1 

35. u = lnx, du = - dx; dv = 4 dx, v = — - ; 

’ X ’ X 2 ’ X ’ 

f^dx • l:, ' + fl dx = -^-i+C 

J X z X J X z XX 



36 . 



. f dx L et u = lnx, du = i dx ->• J ^4 dx = f u 3 du = i u 4 + C = ±(lnx ) 4 + C 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




466 Chapter 8 Techniques of Integration 



37. f x 3 e x4 dx Let u = x 4 , du = 4x 3 dx => ^du = x 3 dx — > f x 3 e x4 dx = 2 f e u du = |e u + C = ^e x4 + C 



38. u = x 3 , du = 3x 2 dx; dv = x 2 e x3 dx, v = Ie x3 ; 



f x 5 e x3 dx = f x 3 e x3 x 2 dx = |x 3 e x3 — | f e x$ 3x 2 dx = |x 3 e x3 — |e x3 + C 

39. u = x 2 , du = 2x dx; dv = sj x 2 + 1 xdx, v = ±(x 2 + 1) 3/2 ; 

f x 3 \J x 2 + 1 dx = ix 2 (x 2 + 1) 3/2 - if (x 2 + l) 3/2 2xdx = |x 2 (x 2 + 1) 3/2 - ^(x 2 + 1) 5/2 +C 



3. f x 2 sinx 3 dx Let u = x 3 . 



= x 3 , du = 3x 2 dx => |du = x 2 dx 



— * J x 2 sinx 3 dx = |J'sinudu = — |cosu + C 



= — |cosx 3 4- C 



41. u = sin3x, du = 3cos 3xdx; dv = cos 2xdx, v = ysin 2x ; 
f sin 3x cos 2x dx = y sin 3x sin 2x — | f cos 3x sin 2x dx 
u = cos3x, du = — 3sin 3xdx; dv = sin 2xdx, v = — ycos 2x ; 



f sin3x cos 2x dx = \ sin 3x sin 2x — | — I cos 3x cos 2 x if sin3x cos 2x dx 

= ysin3x sin 2x + ^cos 3xcos 2x 4- \ J sin 3x cos 2xdx => —^f sin 3x cos 2xdx = ysin3x sin 2x + |cos 3xcos 2x 
=> f sin3xcos 2xdx = — |sin3xsin 2x — |cos3xcos 2x 4- C 



42. u = sin 2x, du = 2cos 2x dx; dv = cos 4x dx, v = |sin 4x ; 
f sin 2x cos 4x dx = ^sin 2x sin 4x J, J cos 2x sin 4x dx 

u = cos 2x, du = — 2sin 2x dx; dv = sin 4x dx, v = — Icos 4x ; 



f sin 2x cos 4x dx = ysin2xsin4x — \ — |cos2xcos 4x — 3 f sin2xcos4xdx 

= ^sin 2x sin 4x 4- |cos 2x cos 4x 4- j f sin 2x cos 4x dx => 3 f sin 2x cos 4x dx = |sin 2x sin 4x 4- ^cos 2x cos 4x 
=> f sin 2x cos 4x dx = | sin 2x sin 4x 4- g cos 2x cos 4x 4- C 

43. f e x sine x dx Let u = e x , du = e x dx — > f e x sin e x dx = J'sinudu = — cosu 4- C = — cose x + C 

44. f dx Let u = y/x, du = y-^ dx => 2du = -f dx — > f dx = 2 f e u du = 2e u 4- C = + C 

\ y = \A 1 

45. f cosy^dx; dy = dx — > f cosy2ydy = f 2ycosydy; 

dx = 2y dy 

u = 2y, du = 2 dy; dv = cos y dy, v = sin y ; 

f 2y cos y dy = 2y sin y — f 2 sin y dy = 2y sin y 4- 2 cos y 4- C = 2-^/x sin ^/x + 2 cos ^^/x + C 
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46. J dx; 



y = V x 

d 7 = 27 x dX 
dx = 2y dy 



J y e y 2y dy = J 2y 2 e y dy; 



2y 2 

4y 

4 

0 



(+) 



(-) 



(+) 



& 

e y 

e y 



J' 2y 2 e y dy = 2y 2 e y — 4y e y + 4 e y + C = 2x e 1 /* — 4^/ x e\ 



47. 



o 2 

2(9 

2 

0 



(+) 



(-) 



(+) 



sin 20 



— 1 cos 20 

— | sin 20 
| cos 20 



f 2 0 2 sin 20 AO 
Jo 



Y cos 20+| sin 20+2 cos 20 



7T / 2 






= |- f •(-!) + ! - 0+ 5 •(-!) 



- [0 + 0+1- 1]_2L__I_ 



2 -4 



48. 



3x 2 

6x 

6 

0 



(+) 



(-) 



(+) 



(-) 



cos 2x 
1 sin 2x 
— | cos 2x 



sin 2x 



16 



cos 2x 



r /2 ■< 

I x" 5 cos 2x dx = 
Jo 



Y sin 2x + // cos 2x — ^ sin 2x — | cos 2x 



7T / 2 



J 0 



= ^ -0+^ •(-!)- f -0-| •(-!)] -[0 + 0-0- !-l] =-^ + : 



49. u = sec 1 1, du = j ; dv = t dt, v = 4 ; 

pi 1 sec ~' ' dt = [i sec_1 ‘] P “ p(?) vfc = ( 2 ' 5 - i ' f ) - 



57T 

— 9 



2/\/3 02/73 V 2 9 t+t 2 - 1 3 3 6 y 02/\/3 2\/t 2 — 1 

P/3 - A/P - p = 5? - 1 P/7 - PP = 5 tt _ p3 = S7r-3y/3 



3 _ Vp 

J 3 J 9 3 9 



50. u = sin 1 (x 2 ) , du = 



2x dx 



; dv = 2x dx, v = x 2 ; 



r* *-• w * = [»’ *- w). vv5 - r- • ++ = (§> © + /ptfcs 

f r rl Vv7 /T . io 



= — + 
12 ^ 



pr 



J 0 



7T I /^" 1 7T+6\/3— 12 

“ 12 “T" V 4 1 — 12 



51. (a) u = x, du = dx; dv = sin x dx, v = — cos x; 



X 7T f* 7T 

x sin x dx = [— x cos x]g + J Q cos x dx = it + [sin x]J = tt 



_ 3 (4 — 7T 2 ) 
— 16 
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(b) 

(c) 

(d) 

52. (a) 

(b) 

(c) 

(d) 

53. V : 



54. (a) 

(b) 



55. (a) 

(b) 



Chapter 8 Techniques of Integration 



= - [— 37r + [sin x]f] = 37 r 



X 2 tt r* 2 -K 

x sin x dx = — [— x cos x]^ + I cos x dx 

n3n p 37r 

S3 = J 2 x sin x dx = [— x cos x]^ + J o cos x dx = 57r + [sin x]^ = 57r 

X (n+l)7r 

x sin x dx = (—1)” 1 [[— x cos x][ l " +1),r + [sin x][ l “ +1)?r ] 
= (-l) n+1 [— (n + 1 )vr( — l) n + n7r(— l) n+1 ] + 0 = (2n + 1)7 r 



u = x, du = dx; dv = cos x dx, v = sin x; 

r »37r/2 
tt/2 
r» 5 tt/2 
I 3ir/2 

r>7x/2 



51 = — J x cos x dx = — [x sin x]^ 2 — J sin x dx = — (— ~ — | ) — [cos x] 2 ^ 2 = 27T 

5 2 = Jj 2 X cos x dx = [x sin x]^ 2 - jj 2 sin x dx = [y - (~ y)] - [cos x]^ 2 = 4t r 

[x sin x]^ 2 - J' sin x dx = - (- y - y) - [cos x] 2 ^ 2 = 6tt 



S3 = 

r< 21 

S - =(-!)" L 



f x cos x dx = 

J 5tt/2 



(2n+l)7r/2 



(2n-l)»/2 



x cos x dx = (—1)” 



[x sin x]! 2 ” + Ij'rt ” f sin x dx 

L J(2n-l)x/2 J(2n-lW/2 



_ (_l) n (^n+l) 77 (—1)" _ (2 n-l)7T 



- [cos x][ 2 ”t!j ^2 = I (2n7T + 7T + 2n7T — 7r) = 2n7T 



X ln2 pin 2 pin 2 

27r(ln 2 — x) e x dx = 27r In 2 J g e x dx — 2n J g xe x dx 
(2 tt In 2) [e x ] ^ 2 - 2 tt ^[xe x ] „ 2 - f g e x dx^j 
27r In 2 — 2tt (2 In 2 — [e x ] ^ 2 ) = — 27 t In 2 + 27r = 27 t( 1 — In 2) 




V = 2nxe x dx = 2n ^[— xe x ] 0 + X e X 

= 2tt (- i + [-e- x ] J) = 2tt (- i * l + 1) 



= 27 r - 



47T 



V = J g 2n(l — x)e x dx; u = 1 — x, du = — dx; dv = e x dx, 



v = — e x ; V = 27 r 



[(1 — x) (— e x )] 0 - f g e x dx 



= 27 r 



[0 — 1( — 1 )] + [e~ x ] J = 2 tt(1 + ±-1) = ^ 





V = f g 2 t rx cos x dx — 2n ( [x sin x] 77 " /2 



J g sin x dx^ 
277 (| + [cos x]f) = 277 (I + 0 - l) = 7T(7T - 2) 





\ 


y=cosx 


A 






f 




2 


r 


ro 



V = f g 2 tt (l — x) cos x dx; u = | — x, du = — dx; dv = cos x dx, v = sin x; 

V = 2iv [(| — x) sin x] + 2ttJ o sin x dx = 0 + 27r[— cos x] q^ 2 = 27t(0 + 1) = 27t 
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(b) V = 27 t( 7 r — x)x si 



V = 2n I x 2 sin x dx = 27r [— x 2 cos x + 2x sin x + 2 cos x] q = 277 ( 7T 2 — 4) 



sin x dx = 27 r / x sin x dx 



— 2nJ o x 2 sin x dx = 27r 2 [— x cos x + sin x]q — (27r 3 — 877) 



r*t 1 e r*t 

1. (a) A = Jlnxdx= xlnx —J dx 

= (elne — 1 In 1) — x = e — (e — 1) = 1 



(b) V— 7r(ln x) 2 dx = 77 ^ x(lnx) 2 — J^21nxdx^ 
= 7r ^e(lne) 2 — l(ln l) 2 ^ — ^ 2xlnxj — 2dxj 




2 e 3 



= 7T e — ^(2e In e — 2(1) In 1) — |2xJ 
= 7r e — (2e — (2e — 2)) = 7r(e — 2) 



(c) V= 27 t(x + 2 ) lnxdx = 277 ^ (x + 2 ) lnxdx = 27 r^ (^x 2 + 2 x)lnx — (j x + 2 ) dx^ 

= 27 r^(je 2 + 2 e) In e — (| + 2 )ln 1 - Qx 2 + 2 x) ^ = 27 r((je 2 + 2 e) - (Qe 2 + 2 e) — |)) = §(e 2 + 9 ) 

r i e 

(d) M= In xdx = 1 (from part (a)); x = yjj xlnx dx = ^x 2 lnx — ^xdx = ^e 2 lne — 1 (l) 2 In 1 j 

= ±e 2 - (±e 2 - ±(1) 2 ) = i(e 2 +l);y=}Jj (lnx) 2 dx = x(lnx) 2 - f 21nxdx^ 

= ^ (lne) 2 — 1 • (In l) 2 ^j — ^ 2xlnx — 2 dx^j J — ^(2elne — 2(1) In 1) — 2x 'j'j 

— y(e — 2 e + 2 e — 2 ) = y(e — 2 ) = 5 - (x, y) = is the centroid. 

58 . (a) A = J g tan -1 xdx = xtan~*x ~ J n 75^1 dx y 

L JO ° t 



= (tan 1 1 - 0) - \ ln(l + x 2 ) 



= |-i(ln2-lnl) = f-iln2 
(b) V = 277 x tan -1 xdx 




y = tm x 



T tan ‘ x o -|/ 0 TT? dx j 

27r^tan- 1 1 - 0 - i/ o (l — i+"p)dx^ = 27rf§ -± x- tan-' x J = 2 tt (| - £(1 - tan- 1 1 - (0 - 0 ))) 



= 277 ( 1 - 1 ( 1 ^ 5 ))=^ 
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n 2 tv 

59. av(y) = ^ J 0 2e ' cos t dt 

(see Exercise 22) =>• av(y) = ^ (1 — e -2x ) 



n2n 

60. av(y) = ^ J g 4e -t (sin t — cos t) dt 



= - f 

7T Jo 

= I [e- ( 



e 1 sin t dt 



f 

Jo 



2 

7T JO 



cos t dt 



— sin t — cos t 






= l b e ~' sin t] T = ° 





61. I = J x n cos x dx; [u = x 11 , du = nx n 1 dx; dv = cos x dx, v = sin x] 
=> I = x n sin x — J nx n-1 sin x dx 

62. I — J x n sin x dx; [u = x n , du = nx 11-1 dx; dv = sin x dx, v = —cos x] 
=> I = — x n cos x + J nx 11-1 cos x dx 



63. I = J x n e ax dx; [u = x n , du = nx 11 1 dx; dv = e ax dx, v = ^e ax ] 

=S> I = 5^2 e ax - s f X n-I e m dx, a ^ 0 

64. I = J (In x) n dx; |u = (In x) n , du = n(ln ^ — dx; dv = 1 dx, v = x 
=> I = x(ln x) n - f n(ln x) n_1 dx 



65. J) (x — a) f(x) dx; u = x — a, du = dx; dv = f(x) dx, v — J b f(t) dt = — J) f(t) dt 

(x - a )/ b X f(t) dt ^ - J a b (Jj) f(t) dt) dx = ((b - a )/ b b f(t) dt - (a - a )f* f(t) dt) - £ (-f* f(t) dt 



= 0 + 



■f(t)dt) dx=/;(/;f ( t)dt) dx 



66. J \f 1 — x 2 dx; [u = \J 1 - x 2 , du = x , dx; dv = dx, v = x 

= xv ^7_ J^ dx = xV T3^_ fl^ dx = x yT^-(f^dx- fy^dx) 

— x \J 1 — x 2 — J \J 1 — x 2 dx + J ^ , dx 

=4> f \J 1 — x 2 dx = x \fl — x 2 + f ^ „ dx — J" J l — x 2 dx => 2 J \J 1 — x 2 dx = x \J 1 — x 2 + f ^ 2 

=> fV 1 -x 2 dx = f Vl -x 2 + 5/7^7 dx + C 

67. J* sin -1 x dx = x sin -1 x — J'sin y dy = x sin -1 x + cos y + C = x sin -1 x + cos (sin -1 x) + C 

68. J tan -1 x dx = x tan -1 x — J tan y dy = x tan -1 x + In |cos y | + C = x tan -1 x + In |cos (tan -1 x) | + C 
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69. / sec 1 x dx = x sec 1 x — / sec y dy = x sec 1 x — In |sec y + tan y| + C 

= x sec -1 x — In |sec (sec -1 x) + tan (sec -1 x)| + C = x sec -1 x — In x + a/x 2 — 1 + C 

70. J log, x dx = x log, x - / 2 y dy = x log, x - ^ + C = x log, x - ^ + C 

71. Yes, cos -1 x is the angle whose cosine is x which implies sin (cos -1 x) = 1 — x 2 . 

72. Yes, tan -1 x is the angle whose tangent is x which implies sec (tan -1 x) = \J 1 + x 2 . 

73. (a) / sinh -1 x dx = x sinh -1 x — / sinh y dy = x sinh -1 x — cosh y + C = x sinh -1 x — cosh (sinh -1 x) + C; 

check: d [x sinh -1 x — cosh (sinh -1 x) + C] = sinh -1 x + 2 — sinh (sinh -1 x) dx 

= sinh -1 x dx 

(b) / sinh -1 x dx = x sinh -1 x — / x ( ^ + 2 J dx = x sinh -1 x — | /( 1 + x 2 ) ^ 2 2x dx 
= x sinh -1 x — (1 + x 2 ) 1/2 + C 

1 /o 

check: d x sinh -1 x — (1 + x 2 ) ' + C = sinh -1 x H — — — — — - dx = sinh -1 x dx 

L v ’ J L vi +x 2 vi+x 2 J 

74. (a) / tanh -1 x dx = x tanh -1 x — J tanh y dy = x tanh -1 x — In |cosh y | + C = x tanh -1 x — In |cosh (tanh -1 x) | + C; 

check: d [x tanh -1 x - In |cosh (tanh -1 x) | + C] = tanh -1 x + , , ip dx 

= [tanh -1 x + — jT^j] dx = tanh -1 x dx 

(b) J tanh -1 x dx = x tanh -1 x — / =p dx = x tanh -1 x — | dx = x tanh -1 x + \ In 1 1 — x 2 | + C 

check: d [x tanh -1 x + | In 1 1 — x 2 1 + C] = [tanh -1 x + — p4pr] dx = tanh -1 x dx 

8.2 TRIGONOMETRIC INTEGRALS 



1 . J'cos 2x dx = i /cos 2x • 2dx = | sin 2x + C 

2. / 3 sin | dx = 9 / sin | • |dx = 9 — cos| = 9(— cos| + cosO) = 9(— \ + l) = 

3. / cos 3 x sinxdx = — / cos 3 x (— sinx)dx = — |Cos 4 x + C 

4. / sin 4 2xcos2xdx = \f sin 4 2xcos2x • 2dx = Asin 5 2x + C 



5. /si 



5. I sirrxdx = I siirx sinxdx =1(1— cos 2 x 



) sin x dx = / sin x d x — / cos 2 x sin x dx = —cos x + |cos 3 x + C 



cos 3 4xdx = 



/ cos 2 4x cos 4x dx = lf(l — sin 2 4x) cos 4x • 4dx = if cos 4x • 4dx — if sin 2 4x cos 4x ■ 



= l sin 4x - ^sin 3 4x + C 



7. f sin 5 x dx = / (sin 2 x)"sin x dx = f ( 1 — cos 2 x) 2 sin x dx = f ( 1 — 2cos 2 x + cos 4 x)sin x dx 
= /sin x dx — / 2cos 2 x sin x dx + / cos 4 x sin x dx = —cos x + |cos 3 x — |cos 5 x + C 
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pit pi T p 7T pi T 

8. I sin 5 ( | ) dx (using Exercise 7) = I sin(|)dx — I 2cos 2 ( f ) sin ) dx + I cos 4 (|)sin(|)dx 
= [-2COS (1) + |cos3(|) - |cos 5 (f)]: = (0) -°(-2+ f) = *g 

9. J* cos 3 x d x = J' (cos 2 x)cos x dx = J* ( 1 — sin 2 x)cos x dx = J* cos x dx — J' sin 2 xcos x dx = sin x — |sin 3 x + C 



J »7T/6 p7T/D « r»7T/0 ^ f»7T/0 

() 3cos 5 3xdx = J 0 (cos 2 3x) cos 3x • 3dx = J Q (1 — sin 2 3x) cos 3x • 3dx = J Q (1 — 2sin 2 3x + sin 4 3x)cos 3x • 3dx 

r*7r/6 r>7r/6 r*7r/6 

= J o cos3x • 3dx — 2 J 0 sin 2 3xcos3x • 3dx + J Q sin 4 3xcos3x • 3dx 

= (! - i + D - (°) = h 



sin3x-2^ + 



7t/6 

0 



11. J' sin 3 xcos 3 xdx = J* sin 3 xcos 2 xcosxdx = £in 3 x (1 — sin 2 x)cosxdx = J'sin 3 xcosxdx — J'skr’xcosxdx 



= |sin 4 x — gsin 6 x + C 



12. J* cos 3 2xsin 5 2xdx = 1 J* cos 3 2xsin 5 2x • 2dx = 1 J' cos2xcos 2 2xsin 5 2x • 2dx = ^f(l — sin 2 2x) sin 5 2xcos2x • 2dx 
= I J* sin 5 2xcos2x • 2dx — I J* sin 7 2xcos2x • 2dx = ysin 6 2x — ^sin 8 2x + C 



13. J'cos 2 x dx = J" 

= |x + | sin 2x + C 



/ 1 + cos 2x _ 1 



\f(l+ cos2x)dx = ^Jdx+^f cos2xdx = 3 J dx + | J cos 



2x • 2dx 



pit!2 pit 12 pit/2 , \ pit 12 nil 12 pit 12 nit 12 

14 J 0 sin-xd x = J 0 i^f-sdx=ij 0 (l - cos2x)dx= ij 0 dx^iJ Q cos2xdx=ij 0 dx-iJ Q cos2x-2dx 
= [ix - 5 sin 2x] o " /2 = (§(f) - ±sin2(§)) - (1(0) - |sin2(0)) = (f - 0) - (0 - 0) = f 



J »7r/2 /^7 t/ 2 r*7r/2 2 p7r/2 p7r/2 

;) sin 7 y dy = J Q sin 6 y sin y dy = J Q (1 — cos 2 y) sin y dy = J sin y dy — 3 J Q cos 2 y sin y dy 



r»7r/2 p7f/2 

3 J cos 4 y sin y dy — J cos 6 y sin y dy = 



y + 3^ - 3^ + ^4] o " /2 = (0) - (-1 + 1 - | + i) = If 



-cos 



16. J' 7cos 7 t dt (using Exercise 15) = 7 ^ J” cos t dt — 3 J* sin 2 t cos t dt + 3 J* sin 4 t cos t dt — J' sin 6 t cos t dt 

= 7 ^sin t — 3yp + 3yp — + C = 7sin t — 7sin 3 t + y sin 5 t — sin 7 t + C 

17. f*8 sin 4 x dx = 8 £ ( 1 ~ c 2 ° s2x ) 2 dx = 2 £(1 - 2cos2x + cos 2 2x)dx = 2 £dx - 2 J o ?r cos2x • 2dx + 2 1 +“ s4x dx 

= [2x — 2sin 2x] ^ dx + J" o cos 4x dx = 27T + [x + -^sin 4x] “ = 27r + 7r = 37 r 



18. J* 8cos 4 27rx dx = 8 J" ( 1 + c ° s4?rx ) 2 dx = 2^(1 + 2cos47rx + cos 2 47rx)dx = 2 J dx + 4 J" cos47rxdx + 2 J* 1 + c ° s 87rx dx 

— 3 J"dx + 4 J cos 47rx dx + J* cos 87 tx dx = 3x + 4 sin 47r x + gCsin 87T x + C 

19. Jl6 sin 2 xcos 2 x dx = 16 / ( 1 ~ c 2 os2x ) ( 1 + c 2 os2x )dx = 4 f(l - cos 2 2x)dx = 4 J dx - 4/ ( 1 + c 2 os4x )dx 

= 4x — 2 J dx — 2 J cos 4x dx = 4x — 2x — ^ sin 4x + C = 2x — 3 sin 4x + C = 2x — sin 2x cos 2x + C 

= 2x — 2sin x cos x (2cos 2 x — 1) + C = 2x — 4sin x cos 3 x + 2sin x cos x + C 
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20. J o 8 sin 4 y cos 2 y dy = 8 J g (I — ^7y) 2 ( 1+c ° s2y ) dy = J dy — J g cos2ydy ~ f 0 cos 2 2ydy + f g cos 3 2ydy 

= [y- 2sin2y]^ - f g ( 1 + c 2 ° s4y ) dy + f g (1 - sin 2 2y)cos 2y dy = 7 r - |/ fl dy ~ ±f g cos4ydy + f g cos2ydy 

- f g sin 2 2ycos 2ydy = 7r + -\y - |sin4y + ^sin 2y — | = 7r — | = | 

21. f 8cos 3 20sin26id6» = 8(-i)£^ +C = -cos 4 20 + C 

pir/2 pn/2 pir/2 pit 12 

22. J g sin 2 20cos 3 20 dd — J g sin 2 20(l — sin 2 20)cos20 dd = J g sin 2 2#cos20 AO — J g sin 4 20cos2# d9 

[l sin 3 26 1 sin 5 26 1 n 

" [2 • 3 2 ‘ 5 J Q 

p2ft / p27T p27T ry 

23- Jo V^f^ dx = J 0 sin ! dx = Jo sin | dx = [— 2cos |] 0 =2 + 2 = 4 

24. So — cos 2x dx = J" g y/2 |sin 2x |dx = y/2 sin 2xdx = y/2cos 2xJ = y/2 + \/‘2 = 2y/2 

p7T , p7T pTtl2 p7T /r) 

25. J o v 1 — sin 2 t dt = J | cos t |dt = J g cos t dt — J rf2 cos t dt = [sin t] g — [sin t][[ /2 = l — 0 — 0 + 1 = 2 

26. J" g \/l — cos 2 # d 0 — f 0 | sin 0 \ A9 = J g sin 6 A8 = [—cos 9\1 = 1 + 1 = 2 



sin 2 x x/T + COSX 



:dx= -|(1 + cosx) 3/2 / = -|(l + cos(|)) 3/2 + |(l + cos (|))' 

J 7 t /3 





28. 



' 0 v 1 — sin x 



/o VI- sin X 



, cosx dx 

10 VI - sin x 



= —2(1 — sinx) 1 / 2 = —2 y 7 1 — sin (|) + 2 \ J \ — sinO = — + 2 \[\ —2 — \pl 



I cos x _ 

* 57r/6 i/T — sinx 



I cos 4 x V 1 + sin X ^ 

'5^/6 yr — sinx Vi + sinx 



r cos 4 x /[ + sinx 
' 5 n /6 y/l — sin 2 x 



COS 4 X vT + sinx 



1 57r/6 y cos 2 x 



r 71 " cos 4 x /[ + sin x 

J 5 n /6 — cosx 



cos 3 x v 1 + sin x dx = 



-Jw 6 cosx(l — sin 2 x )V TT 



sin x dx 



= — cosx y/ 1 + sin x dx + cos x sin 2 x y/l + sinxdx; u 2 y/u du 

Let u = 1 + sinx =>• u — 1 = sinx =>- du = cosxdx, x==| E => u=l + sin(^?) = x = 7r => u=l+sin7r=l 
= -§(1 + sin x) 3/2 ^ + J 3/2 (u - l) 2 y/udu = -|(1 + sinx) 3/2 ^ + J 3/2 (u 5 / 2 - 2u 3 / 2 + y/u) du 
= (-|(1 + sinnf 2 + |(1 + sin (f )) 3/2 ) + [^u 7 / 2 - ^u 5 / 2 + fu 3 / 2 ]^ 

= (-1 + KD 3/2 ) + (i - f + 1) - y d 7/2 - 1 (D 5/2 + f(§) 3/2 ) = i (if 2 - m V2 - 1 



r 7+12 

ll2 V 7 ! 



sin 2x dx = 



7 1 — sin 2 x y 1 + sin 2 x 
1 y 1 + sin 2 x 
-i 7 tt/12 



* 7 t /2 y 1 + sin 2 x 



tt /2 /T + sin 2 x 



+2 v+ + sin 2 x 



1 + sin2(y|) + J \ + sin2(|) = 
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31. / 0\f 1 — cos 20 d9 — J o 9\[2 | sin 0 \ d6 = y/2 / 0 sin 0 dO — \[2 [— Ocos 0 + sin 0\ / 2 = y/%(l) = \[2 

32. f n ( 1 — cos 2 t) 3/ “ dt = / ^ (sin 2 t) 3 ' ,:2 dt = f n \ sin 3 t | dt = — / ^ sin 3 t dt + J' sin 3 t dt = —J ^ (1 — cos 2 t)sint dt 

r>7T r»0 pO ni r p7T r 3 t 0 

+ J o (1 — cos 2 t)sint dt = — J ^sintdt + J ^ cos 2 t sin t dt + J g sintdt — cos 2 tsintdt = jcost— 

+ [-cost + 0 = (l— | + 1 — |) + (l — | + 1— |) = | 

33. / sec 2 xtanxdx = /tanxsec 2 xdx = /an 2 x + C 

34. J' sec x tan 2 x d x = / sec x tan x tan xdx; u = tan x, du = sec 2 x dx, dv = sec x tan x dx, v = sec x; 

= sec x tan x — I sec 3 x dx = sec x tan x — I sec 2 x sec xdx = sec x tan x — I ( tan 2 x + 1 ) sec xdx 
= sec x tan x - (/tan 2 x sec xdx + /sec xdx) = sec x tan x - ln| sec x + tan x| - /tan 2 x sec xdx 
=> / sec x tan 2 x dx = sec x tan x — ln| sec x + tan x| — / tan 2 x sec xdx 

=> 2 / tan 2 x sec xdx = sec x tanx — lnjsec x + tanx| => / tan 2 x sec xdx = |sec x tanx — l]n|sec x + tanx| + C 



35. 


/ sec 3 xtanxdx = 


/ sec 2 x sec x tan x dx = | sec 3 x + C 


36. 


/ sec 3 xtan 3 xdx = 


/ sec 2 x tan 2 x sec x tan x dx = / sec 2 x(sec 2 x — l)secxtanxdx 




= / sec 4 x sec x tan x dx — / sec 2 x sec x tan x dx = |sec 5 x — |sec 3 x + C 


37. 


/ sec 2 x tan 2 x dx = 


/ tan 2 x sec 2 x dx = |tan 3 x + C 


38. 


/ sec 4 x tan 2 x dx = 


/sec 2 xtan 2 xsec 2 xdx = /(tan 2 x + l)tan 2 xsec 2 xdx = /tan 4 x sec 2 x dx + / tan 2 xsec 2 xdx 




= /an 5 x + |tan 3 


x -|- C 


39. 


f 2 sec 3 x dx; u 
J — 7t/3 


= sec x, du = sec x tan x dx, dv = sec 2 x dx, v = tan x; 



n 0 q f 0 , — r*0 

J /3 2 sec 3 x dx = [2 sec x tan x] — 2 J ^ sec x tan 2 x dx = 2-1-0 — 2-2-y3 — 2J ^ sec x (sec 2 x — l)dx 
= 4 a/ 3 — 2 / sec 3 x dx + 2 / rf3 sec x dx; 2J 2 sec 3 x dx = 4 a/ 3 + [21n | sec x + tan x|] °_ n / 3 
2 /_/ /3 2 sec 3 x dx = 4^3 + 21n 1 1 + 0| - 21n | 2 - a/3 | = 4 a/ 3 - 2 In (2 - a//) 

/ ^ /3 2 sec 3 x dx = 2y/3 — In (2 — y/ 3 ) 

40. / e x sec 3 (e x )dx;u = sec(e x ), du = sec(e x )tan(e x )e x dx, dv = sec 2 (e x )e x dx, v = tan(e x ). 

/ e x sec 3 (e x )dx = sec(e x )tan(e x ) — / sec(e x )tan 2 (e x )e x dx 

= sec(e x )tan(e x ) — / sec(e x )(sec 2 (e x ) — l)e x dx 
= sec(e x )tan(e x ) — / sec 3 (e x )e x dx + / sec(e x )e x dx 
2 / e x sec 3 (e x ) dx = sec(e x )tan(e x ) + ln|sec(e x ) + tan(e x )| + C 
/e x sec 3 (e x ) dx = | (sec(e x )tan(e x ) +ln|sec(e x ) +tan(e x )|) +C 
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41. J'sec 4 9 d9 = J*(l + tan 2 0)sec 2 0 dO = J sec 2 9 d6 + J tan 2 9 sec 2 d c 16 = tan 9 + |tan 3 0 + C 
= tan 9 + | tan 9(sec 2 9 — 1) + C = |tan 9 sec 2 9 + |tan 9 + C 

42. J 3sec 4 (3x) dx = J' (1 + tan 2 (3x))sec 2 (3x)3dx = J sec 2 (3x)3dx+ J tan 2 (3x) sec 2 (3x)3dx = tan (3x) 4- |tan 3 (3x) + C 



43. ~csc 4 9d9 

J 7r/4 

= ( 0 ) - (-1 



J »7t/2 on 12 nir /2 

,, (1 + cot 2 0)csc 2 0 d9 — I ,, esc 2 # d9 4- / ,, cot 2 #csc 2 # d# = 

7T/4 v ' J 7r/4 J n/4 

l) = 4 

3/ 3 




-i n/2 
. 7r/4 




sec 6 x dx — J' sec 4 x sec 2 x dx = J* ( 
- tan 4 x sec 2 x dx + 2 J" tan 2 x sec 2 x 



tan 2 x + l) sec 2 xdx = J* (tan 4 x + 2tan 2 x + l)sec 2 xdx 
dx 4 - J* sec 2 x dx = | tan 5 x + ;tan 3 x + tan x + C 



45. J' 4 tan 3 x dx = 4 J (sec 2 x — l)tan x dx = 4 J' sec 2 xtan x dx — 4 J tan x dx = 4 ^^ — 4 In |sec x| + C 
= 2 tan 2 x — 4 In |sec x| + C = 2 tan 2 x — 2 In |sec 2 x| + C = 2 tan 2 x — 2 In ( 1 + tan 2 x) + C 

/ n/4 on/ 4 nn/4 nn/4 

,, 6 tan 4 x dx = 6 I ,, (sec 2 x — l)tan 2 x dx = 6 I , sec 2 xtan 2 x dx — 6 I ,, tan 2 x dx 

-n/4 J-7T/4 v ' J-7T/4 J-7T/4 






7t/4 

•7t/4 



sec 2 x 



/ 7t/4 3 -| 7t/ 4 p7r/4 p7r/4 

(sec 2 x — l)dx = 6^^ — 6 / „ sec 2 x dx + 6 / , dx 

— 7t/4 v 7 L 3 J 7 r /4 J -n/4 J -n/4 



= 2(1 - (-1)) - [6tan x] ^ + [6x] = 4 - 6(1 - (-1)) + f + f = 3 tt - 8 

47. J tan 5 x dx = J tan 4 x tanx dx = J (sec 2 x — l) tanx dx — J (sec 4 x — 2sec 2 x + l)tanx dx 



/ 



= / sec 4 x tan x dx — 2 / secrx tan x dx 



/■ 



f tan x dx = J 



tan x dx = | sec J x sec x tan x dx — 2 I sec x sec x tan x dx 



/■ 



/ 



tan x dx 



= ^sec 4 x — sec 2 x + ln|secx| + C = ^ (tan 2 x + l) — (tan 2 x + l) + ln|sec x| + C = |tan 4 x — ltan 2 x + ln|secx| + C 

48. J cot 6 2x dx — J" cot 4 2x cot 2 2x dx = J cot 4 2x (csc 2 2x — 1) dx = J " cot 4 2x csc 2 2x dx — J* cot 4 2x dx 
= J cot 4 2x csc 2 2x dx — J cot 2 2x cot 2 2x dx — J cot 4 2x csc 2 2x dx — J cot 2 2x(csc 2 2x — l)dx 
= J cot 4 2x csc 2 2x dx — J' cot 2 2xcsc 2 2xdx + J cot 2 2xdx 
= J cot 4 2x csc 2 2x dx — J cot 2 2xcsc 2 2xdx + J (csc 2 2x — l)dx 

= J cot 4 2x csc 2 2x dx — J cot 2 2xcsc 2 2xdx + J csc 2 2xdx — J* dx = — ^cot 5 2x + |cot 3 2x — lcot2x — x + C 



49. 


nn/3 nn/3 nn/3 

J „ cot 3 x dx = | fy . (csc 2 x — 1 )cotx dx = / csc 2 xcotx dx — 

J 7T/6 j 7t/6 v 7 J n/6 o 


on 13 

I „ cot x dx = 


'-^+ln| 


CSC x| 




= -K|-3) + (ln^~ln2)=|~ln v / 3 










50. 


J 8 cot 4 t dt = 8 J (csc 2 t — 1 )cot 2 t dt = 8 J csc 2 tcot 2 t dt 


<N 

O 

O 

oo 


dt = — |cot 3 t — 


8 J (csc 2 t - 


1 )dt 




= — |cot 3 t + 8 cot t + 8t + C 










51. 


J sin 3x cos 2x dx = 1 J (sin x + sin 5x) dx = — Icos x 


— Tcos 5x 


+ C 






52. 


J sin 2x cos 3x dx = 1 J (sin(— x) + sin 5x) dx = 1 J (- 


sinx + sin 


5x) dx = Icosx — -j(]Cos 5x 


+ C 



-| n/3 
n/6 
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53. 



r si 



sin 3x sin 3x dx = 



/ 7T C ^ 1 7T 

^ (cos 0 — cos 6x) dx = i J_^ dx — i J cos 6x dx = I [x — p^sin 6x] _ jr = | + 



0 = 7T 



54. f sin x cos x dx = \ f (sin 0 + sin 2x) dx = I f Q sin 2x dx = — |[cos 2x] = — 1(— 1 — 1) = | 

55. f cos 3x cos 4x dx = I J* (cos(— x) + cos 7x) dx = I J* (cosx + cos 7x) dx = |sinx + ^sin 7x + C 

/ 7t/ 2 / , »7r/2 7 t/2 

cos 7x cos x dx = | J (cos 6x + cos 8x) dx = ^ [^sin 6x+|sin 8x] _ n j 2 = 0 



tt/2 



7 2 



57. J* sin 2 0 cos 30 d0 = J" 2 ~ c 2 os2g cos 30 d0 = 2 f cos 30 d0 — ^f cos 20 cos 30 d0 

= | f cos 30 d0 — | J* |(cos( 2 — 3)0 + cos( 2 + 3)0) d0 = \ f cos 39 d6 — ^ f (cos (— 0) + cos 50) d0 
= i J' cos 30 d0 — | ^ cos0 d0 — | J' cos 50 d0 = gsin 30 — |sin 0 — ^sin50 + C 

58. f cos 2 20 sin 9 d9 — J (2cos 2 0—1)" sin 9 d9 — J (4cos 4 0 — 4cos 2 0+1) sin 0 d0 

= f 4cos 4 0 sin 9 d9 — J 4cos 2 0 sin 0 d0 + f sin 0 d0 = — |cos 5 0 + 4 cos 3 0 — cos 0 + C 



59. f cos 3 0 sin 20 d0 = J cos 3 0 (2sin 0 cos 0) d0 = 2 f cos 4 0 sin 0 d0 = — |cos 5 0 + C 



60. f sin 3 0 cos 20 d0 = J sin 2 0 cos 20 sin 0 d0 = J* ( 1 — cos 2 0) (2cos 2 0 — l)sin 0 d0 

= f (— 2cos 4 0 + 3cos 2 0 — l)sin 0 d0 = — 2 f cos 4 0 sin 0 d0 + 3 J* cos 2 0 sin 0 d0 — f sin 0 d0 
= gCOS 5 0 — cos 3 0 + cos 0 + C 



61. J* sin 0 cos 0 cos 30 d0 = | J* 2sin 0 cos 0cos 30 d0 = | J* sin 20 cos 30 d0 = | J* |(sin(2 — 3)0 + sin(2 + 3)0) d0 

— if (sin(— 0) + sin 50) d9 — if (—sin 0 + sin 50) d0 = |cos0 — 2gcos50 + C 

62. f sin 0 sin 20 sin 30 d0 = J ,) (cos(l — 2)0 — cos(l + 2)0) sin 30 d 9 = \f (cos(— 0) — cos 30) sin 30 d0 

— I f sin 30 cos 0 d0 — | f sin 30 cos 30d0 = 2 J 2 (sin(3 — 1)0 + sin(3 + l)0)d0 — if 2sin3 0 cos 30 d0 

— if (sin 20 + sin40)d0 — | f sin 69 d9 — l f (sin 20 + sin40)d0 — if sin 60 d0 
= — |cos 20 — ip cos 40 + =q: cos 60 + C 



63. f— dx= f 

J tan x J 



sec x sec x 



dx = 



f 



(tan 2 x + l)secx 



dx = 



r 



dx 



J: 



dx = 



f tan x sec x dx + f esc x dx 



= sec x — lnjcsc x + cot x| + C 



s . r sin 3 x , r sin 2 xsinx , [* ( 1— cos 2 x) sinx r s i nx r cos 2 x sin x , C 7 , . T , 

64. / — — dx = / — dx = / ; dx = / — — dx — / — dx = / sec x tan x dx — I sec x tan x dx 

J COS 4 X J COS 4 X J COS 4 X J COS 4 X J cos 4 x J J 

— f sec 2 x sec x tan x dx — f sec x tan x dx = I sec 3 x — sec x + C 

65. f t -^-^dx= f sinxdx= f ( 2 cos x ) s inxdx = f — y-sinxdx — f ^r^sinxdx= fsecxtanxdx — fsinxdx 

J CSC X J COS 2 X J COS 2 X J COS 2 X J cos 2 x J J 



= sec x + cos x + C 
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66. f dx = f • — l — dx = 

J cos z x J sinx cos z x 



dx — dx — esc 2x 2dx = — lnl esc 2x + cot 2x I + C 

J sin 2x J 1 1 



67. J' x sin 2 x dx = J x - — dx = ^ J'x dx — 2 J x cos 2x dx u = x, du = dx, dv = cos 2x dx, v = ^sin 2x 
= |x 2 — | |Jxsin2x — J isin2x dxj = |x 2 — |xsin2x — |cos2x + C 

68. J'x cos 3 xdx = J' x cos 2 xcosxdx= J'x(l — sin 2 x) cosxdx = J'x cos xdx — J'xshrxcosxdx; 

J x cos x dx = x sin x — J”sin x dx = x sin x + cos x; 
u = x, du = dx, dv = cos x dx, v = sin xj 

J'x sin 2 x cosxdx = jxsin 3 x — J |sin 3 xdx; 
u = x, du = dx, dv = sin 2 x cos x dx, v = 2 sin 3 x 

= 2 x sin 3 x — | J (1 — cos 2 x) sin x dx = |x sin 3 x — 2 J sin x dx + | J cos 2 x sin x dx = 2 x sin 3 x + |cos x — 2 cos 3 x; 
=> J xcosxdx — J xskrxcosxdx = (xsinx + cos x) — Qxsin 3 x + ^cosx — ^cos 3 x) + C 



= xsinx — |xsin 3 x + jeosx + ^cos 3 x + C 



„ r>n/4 , p7r/4 

69. y = ln(sec x); y' = = tan x;(y') = tan 2 x; \/l + tan 2 xdx = J Q |secx| dx = [ln|sec x + tan x| 

= ln(v/2 + l) -ln(0 + l) =ln(v^+l) 

70. M = J' sec x dx = [ln|sec x + tan x|] = ln^\/2 + 1 j — In | \[2 — Ij = In + | 

y = j-fc-C T * = << = i-krf 1 - (- 1 )) = 

y/2-1 y/2-1 y/2-1 V 2 - 1 

=*(*•«= (»• (>”vfei)") 



71. V = t rf sin 2 x dx = 7 rf 1 c 2 ° s2x dx = f / dx - f / cos 2x dx = | [x] J - f [sin 2x] J = f (tt - 0) - f (0 - 0) 



72. A = cos 4x dx = J^ ^/2~ |cos 2x|dx = \/2~ J^ cos 2x dx — y^T J^ * cos 2x dx + ^/2~ JJ 



, cos 2x dx 



= 2x lo /4 - ^[sm 2x] ^ [ sin2x lL/4 = - 0) - ^(-1 - 1) + ^ (0 + 1) = y /2 + y /2 = 2y^2 



73 . M — f Q (x + cosx)dx = 2 x 2 + sinx = (J( 27 r ) 2 + sin ( 27 r)^ — ^ 2 ( 0) 2 + sin ( 0 )^ = 27 r 2 ; 

p 27 T r* 27 T p 27 T o 27 T 

x= 2 fJo x( x + cosx)dx= 2 yJ 0 (x 2 +xcos x)dx=^J Q x 2 dx+j^J 0 xcosxdx 

|u = x, du = dx, dv = cos x dx, v = sin x 

r -| 271" / -| 2-7T r> 2n \ / n2n \ 

= 6?[ x3 ] 0 + 2 ^(J xsinx J 0 - Jo sinxdxj = 5 ^( 874 - 0 ) + 5 ? ( 27 r sin 2 tt - 0 - J () sin xdx J 

1 ^ n 27 T - 

= T + 2 i ? cosx 0 = T + 2 i?( cos27r - cos0 ) = T +0 = T ; 7 = 2 i?Jo |( x + cosx) dx 



p27r r>2i r r»27r /»27 t 

r Jo ( x2 + 2x cos x + cos2 x ) dx = 4^1 J Q x 2 dx +5 F J 0 x cos xdx + 4^2 J 0 cos 2 x c 
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i 

I27T? 



2n 



J 0 



+ 



27 r 2 



x sin x + cos x 



n2n 

+ A J Q CJ> A ±1 dx = 2 " 



Jo ' 47f2 Jo 



_ 2?r I l_ 

~ 3 ^ 16t r 2 



sin 2x 



27T 



1 

87T 2 



27T 

L X Jo 



+ 0 + 8^ JT COS 2x dx + 8^ fo dx 

= f + 0 + h = => The centroid is 



74. V = J Q 7r(sinx + secx) dx = 7rJ 0 (sin 2 x + 2sinx secx + sec 2 x) 



dx 



pn /3 n7r/3 p7r/3 C 7r /3 19 r 

7 r /_ sin 2 x dx + 7r | A 2tanxdx + 7r/ n sec 2 xdx = 7r / 1 ~ cos2x d x -f 27 t lnlsec: 

0 0 *7 0 *7 0^ 

= | dx — | cos2x dx + 27r(ln|sec || — ln|secO|) + 7r(tan | — tanO) 

= f[ x ] — |[sin2x + 27rln2 + 7 t\/3 = \ (| — 0) — |(sin2(|) — sin 2(0)) + 27rln2 + 7 t\/3 



l V 3 
o 



7T Z 7T 
6 



. /T /— 7rf47r + 21\/3 — 481n2') 

+27rln2 + 7rC3 = -A 5 Z 



8.3 TRIGONOMETRIC SUBSTITUTIONS 



1. x = 3 tan 0, - | < 0 < §, dx = ^ , 9 + x 2 = 9 (1 + tan 2 0) = 9sec 2 9 => ^ - 3 



|cos ff\ _ cos 6 , 
3 ’ 



(because cos 9 > 0 when — | < 9 < |) ; 
f -4S— = 3 f f^ld| = r_d» = in I sec 0 + tan 01 + C' = In 

J x /9 x 2 J 3 cos z 6 J cos 6 1 1 



2. f / dx ; [3x = u] — > f - 

d V 7 1 + 9x 2 1 J d x/l+u 1 



^9 + s 



+ C = In 



\/9 + x 2 + x 



+ C 



du 



; u = tan t, — | 



< 



t < | , du = ^ , v 7 ! +u 2 = | sec t| = sect; 



/ 



du 



vh + u 2 



/ cos 2 t d (sect) = f sec t dt = In |sec t + tan t| + C = In \/u 2 +1 + u 



+ C = In 



\J 1 + 9x 2 + 3x 



+ C 



3- f_ 2 4tf = [ 5 tan 1 f] - 2 = s tan 1 1 - \ tan 1 (-0 = (I) (!) - ( 5 ) (-!) = ! 

4 Jo 8W = I fo 4? = 2 ll tan_1 1] 0 = 1(1 tan_1 1 - 5 tan_1 °) = (!) (!) (!) - 0 = fe 

5 fo W- 



dx = [sin 1 |] = sin 1 | — sin 1 0 = | — 0 = | 



-1 j_ 
■/2 



7. t = 5 sin 9, — | < 9 < | , dt = 5 cos 9 d0, \/ 25 — t 2 = 5 cos 0; 

/ a/ 25 - t 2 dt = / (5 cos 0)(5 cos 0) d0 = 25 / cos 2 0 d0 = 25 / 1+c ° s2g d0 = 25 (f + + C 



= y (0 + sin 0 cos 0) + C = y 



sin 



( 5 ) + ( 5 ) (^S 2 )] + C = f sin- 1 (I) + 1^3 + C 



8. t = i sin 0, - | < 0 < |, dt = i cos 0 d0, \/ 1 — 9t 2 = cos 0; 

J \/ 1 — 9t 2 dt = | f (cos 0)(cos 0) d0 = j f cos 2 0 d0 = g (0 + sin 0 cos 0) + C = g [sin -1 (3t) + 3t \/ 1 — 9t 2 



+ C 



9. x = 1 sec 0, 0 < 0 < |,dx= | sec 0 tan 0 d0, 3/ 4x 2 — 49 = \Z4tTsec4!!— ^ = 7 tan 0; 



/ 



dx 



V 7 4x 2 - 49 



/ ^ = 5 / sec 0 d0 = i In |sec 0 + tan 0| + C = \ In 



\/4x 2 - 49 
7 



+ c 
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10. x = | sec 0, 0 < 0 < dx = | sec 6 tan 8 A9, \J 25x 2 — 9 = \J 9 sec 2 9 — 

= f 5(l *3^ e) de = f sec 9 d9 = ln l sec 9 + tan 9 \ + C = ln 



9 = 3 tan 9; 

5x I \/ 25x 2 — 9 
3 3 



+ c 



11. y = 7 sec 9,0 < 9 < dy = 7 sec 0 tan 9 A9 , ^/y 2 — 49 = 7 tan 0; 



= 7 [ 



(7 tan 0)(7 sec 0 tan 0) d0 
7 sec 0 



= 7 f tan 2 0 d0 = 7 f (sec 2 0 — 1) d0 



v/y 2 — 49 _i 

sec 1 



( 5 ) 



+ c 



7 (tan 8-9) + C 



12. y = 5 sec 9, 0 < 9 < |, dy = 5 sec 9 tan 8 A9, \Jy 2 — 25 = 5 tan 0; 

/^p*dy = = i Jtan 2 0cos 2 0d0=i/ sin 2 0 d0 = ^ /(I - cos 20) d0 



= ^ (0 — sin 9 cos 0) + C = ^ sec 1 (|) — ^ 



Vy 2 - 2 s\ / 5 



+ C = 



'-'ill _ 

2y 2 



10 



+ c 



13. x = sec 0, 0 < 0 < |, dx = sec 0 tan 0 d0, \/x 2 — 1 = tan 0; 

/ dx r sec 0 tan 0 d0 f d0 „• f) \ p \/x 2 — l ■ p 

x 2 v/x 2 — 1 «7 sec 2 0 tan 0 J sec 0 L ' x ‘ 



14. x = sec 0, 0 < 0 < |, dx = sec 0 tan 0 d0, \/x 2 — 1 = tan 0; 

/x#TI - f 2 TJZn7 = 2 f c ™ 2 9 M = 2 f (1+f^g) d0 = 0 + sin 0 cos 0 + C 

/ , , . o - r o 7 

+ c 



= 0 + tan 0 cos 2 0 + C = sec 1 x + \/x 2 — 1 Q) 2 + C = sec 1 x + ^ x ~- 1 



15. u = 9 — x 2 => du = — 2xdx => — idu = xdx; 



/ 



x “ =-IIt+ = 






= -\j 9-x 2 + C 



16. x = 2 tan 0, — | < 0 < |, dx = 2sec 2 0 d0 , 4 + x 2 = 4sec 2 0 

= f ^Sf e)ie = f 2tan 2 0d0 = 2j (sec 2 0 - l)d0 = 2 J sec 2 0d0-2j d0 = 2tan 0 - 20 + C 
= x — 2tan _1 (|) + C 

17. x = 2 tan 0, - ? < 0 < ?, dx = ^ , v/x 2 + 4 = ; 

’ 9 9 ’ cos^ 9 ’ v cos 9 ’ 



/ 



x 4 dx 
7 x 2 +4 



f (8 tan 3 9) (cos 9) d6> f sin 3 6 AO _ o f (cos 2 9- 1) (- sin 6>) dfl . 

J cos 2 0 J cos 4 0 J cos 4 0 



[t = cos 0] -► 8 dt = 8/(i - i) dt = 8 (- 1 + i) + C = 8 (- sec 0 + + C 

= 8 ^±4 + ( x2 +f /2 ^j + c = i (x 2 + 4) 3/2 - 4\J x 2 + 4 + C = i(x 2 - 8) \/x 2 + 4 + C 



18. x = tan 0, — | < 0 < |, dx = sec 2 0 d0, \/ x 2 + 1 = sec 0; 

r dx r sec 2 0 d0 f cos 0 d0 1 i p —3/ x 2 +l ■ p 

J x 2 \/ x 2 + 1 J tan 2 # sec # J sin 2 0 sin 0 ' x 



19. w = 2 sin 0, — | < 0 < dw = 2 cos 0 d0, ^4 — w 2 = 2 cos 0; 

7 8 dw r 8-2 cos 9 d6 o f dO o nr ,f- 2) i p — 2\/ 4 — w 2 , p 

J w 2 ,/ 4 _w 2 — J 4 sin 2 9-2 cos f) ~ Z J sin 2 9 ~ 4 COl d-|- V, - w 
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20. w = 3 sin 9, — % < 9 < |, dw = 3 cos 9 d9, y/9 — w 2 = 3 cos 9\ 

dw = = /cot 2 0 d 0 = / (^ | dd = /(esc 2 e - 1 ) d6 

= -cot0-6» + C = - sin - 1 (f) + C 



21. u = 5x => du = 5dx, a = 6 



/ 



100 

36 + 25x- 



dx = 20 



/ 



1 

( 6) 2 + (5x)' 



5dx = 20 



I, 



a 2 + u- 



du = 20 • gtan 



(|)+C=ftau-i(f)+C 



22. u = x 2 - 4 => du = 2x dx =^> i(du = x dx 



/ x 



x 2 - 4 dx = i 



fy/udu= ±u 3 / 2 + C = ±(x 2 - 4 ) 3/2 + C 



23. x = sin 9, 0 < 9 < dx = cos 9 d 9, (1 — x 2 ) 3/ ~ = cos 3 9\ 



P v ; ~ 4x 2 dx I * 4 sin 2 6 cos 9 do a f ' ( 1 - cos 2 6 j 

Jo (l-x 2 ) 3/2 _ Jo cos 3 6 ~ H Jo ^ pt>$ 2 9 ) 

= 4[tan6»-6»]/ 3 = Ay/3 - f 



d9 = 4 / (sec 2 6 — 1) d9 



24. x = 2 sin 9,0 <9 < dx = 2 cos 0 d0, (4 — x 2 ) 3/,J = 8 cos 3 9\ 

f 1 dx _ f^ 6 2 cos 6 d8 _ 1 f^ 6 d6> __ 1 r t nl ^6 \/3 1 

Jo (4_x 2 ) 3 / 2 Jo 8cos 3 0 4 Jo cos 2 6 4 i Jo 12 4^3 



25. x = sec 9, 0 < 9 < dx = sec 9 tan 9 d 9, (x 2 — l) 3,/ ~ = tan 3 9\ 

f* dx C sec 0 tan 0 d0 f* cos 0 dd _ 1 i p 

J ( x 2 _ i) 3 / 2 J tan 3 6 J sin 2 0 sin 0 ' 



\/x 2 — 1 



+ c 



26. x = sec 9, 0 < 9 < dx = sec 9 tan 9 d 9, (x 2 — l) d,/ ~ = tan 5 9; 

/ cos 0 ^ \a 1 i 

sin 4 0 Ut7 — 3 sin 3 0 + ^ “ " 



f x 2 dx 


r sec 2 0 -sec 0 tan 0 d 0 f 


J (x 2 -!) 5 / 2 - „ 


1 tan 5 0 J 



3 (x 2 - 1 ) 3/2 



+ c 



„ 2\ 3 / 2 , 



28. x = sin 9, — | < 9 < | , dx = cos 9 d 6, (1 — x 2 ) 1 ^ = cos 9; 



J (l-x 2 fdx _J 



cos 0 - cos 0 dd 
sin 4 0 



= cos 3 9; 




cot 5 6 i p 1 

5 f ^ — 5 


(^)‘ + c 


= cos 0 ; 




cot 3 0 , p 1 ( 

3 + — 3 i 


'# 4) 3 + c 



29. x = \ tan 9, - § < 9 < |, dx = \ sec 2 9 d 9, (4x 2 + l ) 2 = sec 4 6 >; 

fjjflf = f 8(i ^ ^ = 4 f cos2 9 d0 = W + sin 6 c °s 0) + C = 2 tan- 4 2x + ^ + C 



30. t = | tan 6, — | < 9 < dt = | sec 2 9 d 9, 9t 2 + 1 = sec 2 9; 



f = i* 6 (? ^a ) ^ = 2 f cos2 6 d9 = 9 + sin 9 cos 9 + C = tan 1 3t + (Ki) + c 



31. u = x 2 — 1 => du = 2 x dx => 3 du = x dx 

/^dx = / (x + ^r)dx = /xdx + /^dx = lx 2 + i/> = lx 2 + iln |u| + C 



|x 2 + iln|x 2 - 1| +C 
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32. u = 25 + 4x 2 => du = 8x dx => |du = x dx 



/ 25 TiF dx = l/u du = gHu|+C = fin (25 + 4 x 2 ) + C 



33. v = sin d, — | < 6 < |, dv = cos 9 dd, (1 — = cos 5 d; 



/ 



v 2 dv 

(1 — V 2 ) 5 / 2 



/■ 



s in 2 6 = f tan 2 61 sec 2 d dd = ^ + C = 



1 ( v 
3 \ yj 1 — V 2 




34. r = sin 0, — f < 0 < f ; 



/ 



(l-r 2 ) 572 dr 



/ 



cos 5 fl-cos 9 dd 
sin 8 0 



= J cot G 9 esc 2 9 dd = — + C = — f 



+ C 



35. Let e‘ = 3 tan 9, t = In (3 tan 9), tan x (f) < 9 < tan 1 (|), dt = d 9, ^/e 2t + 9 = \/ 9 tan 2 0 + 9 = 3 sec d; 

p ln4 , , p tan -1 (4/3) „ „ 0 ^ /'•tan -1 (4/3) , 

f / dt = f 3 t an ^-sec fl dfl _ f sec 0 d0 = [In |sec # + tan 0|] J an 

Jo y e 2t + 9 J tan- 1 (1/3) tan 0-3 sec 0 J tan- 1 (1/3) L 1 IJ tan- 1 (1/3) 

= In (| + |) -ln(^ + i) =ln9-ln(l + VlO) 



36. Let e‘ = tan 9, t = In (tan 9), tan 1 ( |) < 9 < tan 1 ( |) , dt = d 9, 1 + e 2t = 1 + tan 2 9 = sec 2 d; 



f ln(4/3) e' dt ( 


plan 1 (4/3) (tan 6) | 


'M *) &e _ r 


J In (3/4) (1 +e 2t ) 3/2 3 


tan- 1 (3/4) sec 3 d J t£ 



1 ( 3 / 4 ) 



/ > 1 /4 -| /■» J 

, /i2 ; [u = 2 y/i du = ^ dt] - / iM “ = ' t- *. f < 9 < 



< 9 < J, du = sec 2 9 d9, 1 + u 2 = sec 2 d; 



/ 2 du f 1 ^ 4 2 sec 2 6 df? r^/i] 7r /4 o/zt tt \ 7r 

l/\/3 1 + u2 J tt/ 6 sec2 ^ L J ^r/6 4 6/ 6 



38. y = e ,anS , 0 < 9 < dy = e" 1 " 7 sec 



£ 



dy 



-J, 



" /4 e“ 8 sec 2 0 _ 



0 e 13 ” 0 sec 



.tane ^ ^d, 1 + (In y) 2 = a/ 1 + tan 2 9 = sec d; 

sec 9 d9 — [In |sec 9 + tan d|] = In ^1 + y/^j 



y \/ 1 + (In y) 

39. x = sec 0, 0 < 9 < |, dx = sec 8 tan 9 d 9, \/x 2 — 1 = \/ sec 2 0—1 = tan d; 

dx 

x\/ x 2 — 



2 ’ 

f = f sec ^ a t nfl f = d + C = sec" 1 x + C 

J xv x 2 — 1 J sec 0 tan 0 



40. x = tan 9, dx = sec 2 d dd, 1 + x 2 = sec 2 0; 

/?TT = /^f=^ + C = tan- 1 x + C 

41. x = sec 0, dx = sec 0 tan 9 d 9, \/ x 2 — 1 = \/ sec 2 0—1 = tan 0; 

= f “'■‘ffi 11 ™ = / sec2 0 d6> = tan d + C = a/x 2 - 1 + C 



42. x = sin 9, dx = cos 9 d9, — | < 9 < | ; 

f V fr7 = f CJ ^= d + c = sin ~ lx + c 

43. Let x 2 = tan 0, 0 < 9 < 2x dx = sec 2 0 dd =>■ x dx = fsec 2 9 dd; a/ 1 + x 4 = y/ 1 + tan 2 d = sec d 
J y=^dx = | J* dd = 7 ;f secddd = ilnjsecd + tan d| + C = ^ln| \/ 1 + x 4 + x 2 | + C 
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44. Let lnx = sin#, — | < 9 < OorO < # < jdx = cos#d#, \J 1 — (lnx)’ = cos# 

J dx = f d# = J 1 ~^ e d9 — J esc OdO — J'sh^d# = — lnjcsc# + cot#| + cos# + C 



= - In 



l 

lnx 



V'l-(ln4' 

In x 



+ W 1 - (In x) + C = - In 



1+ y/l-(lnx)' 

In x 



+ a / 1 — (lnx) + C 



45. Let u = a^/x =4> x = u 2 => dx = 2udu => f dx = f y / ^2udu = 2 f v^-u 2 du; 
u = 2 sin 0, du = 2 cos 9 d#, 0 < 9 < | , \J 4 — u 2 = 2 cos 9 

2 f \J 4 — u 2 du = 2 J (2 cos #) (2 cos 9) d9 — 8 J cos 2 9 dO = 8 J 1 + L ° s d9 — 4 J dO + 4 J cos 29 d 9 
= 49 + 2 sin 20 + C = 49 + 4 sin #cos 9 + C = 4 sin -1 ( j) + 4(“) ^ v/4 ~ u ~ ^ + C = 4sin~' + \/x\/ 4 — x + C 

= 4 sin -1 + \/4x - x 2 + C 



46. Let u = x 3 / 2 =t> x = u 2 / 3 =^> dx = |u 1 / 3 du 



./Vi V K - i V V-t-' 1/3 ) du = /vfe(3^) du= l/7T L T du= l sin lu + C=|sin 1 (x 3/2 ) + C 



47. Let u = vT => x = u 2 => dx = 2u du => J \/x\/ 1 — xdx = fu \/ 1 — u 2 2u du = 2 J u 2 \/ 1 — u 2 du; 

u = sin 0, du = cos 9 dO, — | < 9 < | , \/ 1 — u 2 = cos 9 

2 J”u 2 \/ 1 — u 2 du — 2 J sin 2 0 cos 9 cos 9 dO = 2 J* sin 2 0 cos 2 9 d# = i, J' sin 2 29d9 — 1 ~ c ° s4g d# 

i/ d# — j J' cos4#d# = |# — ygsin4# + C = |# — |sin2#cos2# + C = |# — |sin#cos# (2cos 2 0 — 1) + C 

= 4# — ^ sin# cos 3 0 + 4 sin 6* cos # + C = 4sin _1 u — ^u (1 — u 2 ) 3 ^ 2 — 4u \/ 1 — u 2 + C 



= isin^'y^x — 4\/x (1 — x) 3 ^ 2 — | 



— x C 



48. Let w = a/x — 1 =^> w 2 = x — 1 =t> 2w dw = dx => 



dx = 



J* \/ w 2 - 1 



JS' 



2w dw = 2 / v w 2 — 1 dw 



w = sec 0, dx = sec 9 tan 9 d 9, 0 <9 < | , \/w 2 — 1 = tan 0 

2 ^ \/w 2 — 1 dw = 2 J tan 9 sec 0 tan 9 d #; u = tan 0, du = sec 2 9 d 9, dv = sec 9 tan 9 d 9, v = sec 9 
2 J' tan 9 sec 9 tan 9 d9 = 2 sec 9 tan 9 — 2 J' sec 3 0 dO — 2 sec 0 tan 9 — 2 J sec 2 9 sec OdO 
= 2 sec 0 tan 9 — 2 J' (tan 2 9 + l)sec 9 dO — 2 sec 9 tan# — 2^ J tan 2 9 sec OdO + J sec 9 d#^j 

= 2sec 9 tan 9 — 21n|sec 0 + tan 9\ —2 J tan 2 9 sec 9 d# => 2 J tan 2 9 sec 9 d9 — sec 9 tan 9 — ln|sec 9 + tan 9\ + C 
= w \/ w 2 — 1 — ln| w + y/w 2 — 1 1 + C = y/x — 1 y/x — 2 — ln| y/x — 1 + y/x — 2| + C 



49. 



x | = y/x 2 - 4; dy = y/x 2 - 4 f ; y = / dx; 



x = 2 sec 0, 0 < 9 < | 
dx = 2 sec # tan 9 d# 
y/ x 2 — 4 = 2 tan # 



y=f (2 tan ^) (2 sec ^ tan 6) A6 = 2 J tan 2 Q = 2 J ( sec 2 # - 1 ) d# = 2(tan# - 0) + C 

[ 



= 2I^£5- sec- 1 (1) 



+ C; x = 2 and y = 0 0 = 0 + C C = 0 =>■ y = 2 



\/x 2 -4 _ -1 x 

2 ;,CL 2 
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50. Vx 2 - 9 £ = 1, dy = 



dx 



I: 



dx 



y/x 2 — 9 2 3 \/x 2 — 9 

= J 1 sec 6 d9 — In |sec 0 + tan 9\ + C = In 
=> y = In 



x = 3 sec 9, 0 < 9 < 



dx = 3 sec 9 tan 9 d 9 
\/x 2 — 9 = 3 tan 9 

\/x 2 - 9 



3 sec 6 tan 9 dd 
3 tan 6 



-y-f ! 

+ C; x = 5 and y = ln3 => In3 = ln3 + C =>■ C = 0 



Vx 2 -9 

3 



51. (x 2 + 4) ^ = 3, dy = 4^ ; y = 3 f = § tan 1 | + C; x = 2 and y = 0 => 0 = § tan 1 1 + C 

=> C = =► y=|tan-i(|)-f 

52. (x 2 + 1)" ^ = \/x 2 + 1 , dy = ^ 2 /^ 3/2 ; x = tan 9, dx = sec 2 9 d 9, (x 2 + 1 ) 3 ^ 2 — sec 3 9; 

y = = f cos 9 dO = sin 9 + C = tan 9 cos 9 + C = + C = + C; x = 0 and y = 1 



=> 1 = 0 + C => y = 



\Jx 2 + 1 



+ 1 



53. A — J g v/9 3 x ~ dx; x = 3 sin 9, 0 < 9 < | , dx = 3 cos 9 d9, \/9 — x 2 — \/9 — 9 sin 2 9 = 3 cos 9\ 



A = 



r 

Jo 



3 cos 6 - 3 cos 6 dd 



3 J g cos 2 9 d9 = | [9 + sin 9 cos 9] / 2 — 



54. 5 + g = l=>y = = dx = 4b 



1 - K dx 



|x = a sin 9, — | < 9 < dx = a cos 9 d9, £ \ ^ = cos 9, x = 0 = a sin 0 => 0 = 0, x = a = asin6>=>0 = 

4b fo \J { ~^ dx = 4b t cos 6 ( a cos 0 ) dd = 4ab £ /2 cos2ddd = 4ab 1+c 2 0s29 d6> 



r? r/2 rn It 

2ab J o d 9 + 2ab J g cos20d0 = 2ab 



/2 



7r/2 



+ ab sin 29 



7r/2 



= 2ab(| — 0) + ab(sin n — sinO) = 7rab 



55 



r 1/2 r 

. (a) A = J g sin x dx u = sin x, du = 






-dx, dv = dx, v = x 



r • _i i 1/2 r 

= xsin x — 
l Jo Jo 



' 1/2 



1 0 v 7 ! -x : 



dx = = (4 sin 1 1 — 0) + \J 1 — x 2 



(b) M = £ /2 sin _1 x dx = ?r + 6 ^^ ‘ 2 ; x = iz ^ E r I xsin-'x dx 



1/2 



1/2 



12 



r + evT- 12 
12 

’ 1/2 



13-6^-12 



f 7 _i 
I xsin x dx 
Jo 



u = sin 'x, du = — -dx, dv = xdx, v = JrX 2 

s/l-X 2 2 



12 



^ + 6^3- 12 



1 2 • -1 
sin x 



1/2 

o 



i X 



1/2 



o vT 



dx 



= sin 9, — | < 9 < | , dx = cos 0 d0, \/ 1 — x 2 = cos 0, x = 0 = sin 0 => 0 = 0, x = 1 = sin 0 =4> 0 = 

: 7i- + 6vT— !2 (0 (^) 2 Sin_1 (I) - °) - l/o" /6 Slf C0S 0 d0 ) = t + 6 ^-12 (& - ^ 0 d9 ] 



12 



1 f ' 1 — cos 20 .t /1 \ 

r + 6v / 3 _ 12 V 48 2 Jo ’ OP | - 



7t/6 



12 



7T 1 



12 



7r + 6\/3 — 12 



l 48 ^ 



I + |sin20 



jt + 6\/3- 12 \^48 4 

M _ 3^-, . L 

’ y tt + 6\/3— 12 Jo 



Jo J 4^7r4-6y 7 3— 12^ ’ 



J ' 7r/6 /-*?:/ 6 \ 

o dd +iL c ^ 20d °) 

f 0 / 5(sin-‘x) 2 dx 



u = (sin *x) , du = 



2 sin _x 
\/l — x 2 



dx, dv = dx, v = x 
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tt + 6\/3- 12 1 



,r + 6C3- 12 1 



tt + 6\/3- 12 



x(sin 'xdx/ 



1/2 f V2 _ 
Jo /r 



-dx 



u = sin 'x, du = — — -dx, dv = , - dx, v = — 2\J 1 — x 2 

\J 1 — x 2 /l-x 2 



r 1/2 ,,, 

(l(si„-'(|)) 2 -0)+ 2 % ^isi„-x -// dx 






2 x 



6 / Trf , ttx/ 3 _ __ 7r 2 + 127rx/3 — 72 

-6/3 — 12 V 72 6 ) 12(tt + 6\/3 — 12) 



56. V = 7 T ^ \/x tan 1 x^j dx = tt J o xtan 1 x dx 



¥ 



= 7r| I ^x 2 tan 'x 



u = tan 'x, du = y/p-dx, dv = xdx, v = |x 2 J 
- llo IT? dx ) = 7 r^(itan- 1 l -0) - %/j 1 - T ^ ? )dx) = - i// ( 1 - jq^dx) 



=7r (? + 



-|x + | tan 'x 



“ ^(f + ( _ 2 + l tan 1 1 + 0 - 0) ) - 7r(7r 4 2) 



57. (a) Integration by parts: u = x 2 , du = 2xdx, dv = x \/ \ — x 2 dx, v = — 5(1 — x 2 )' 

f x 3 a/ 1 -x 2 dx = -jx 2 (l — x 2 ) 3/2 + 5/(1 — x 2 ) 3/2 2xdx = -I x 2 (l - x 2 ) 3/2 - ^(1 - x 2 ) 5/2 + C 

(b) Substitution: u = 1 — x 2 =>• x 2 = 1 — u =>• du = — 2xdx => — |du = xdx 

J x 3 3/ 1 — x 2 dx = J x 2 \/l — x 2 x dx = — f J*( 1 — u) ^/u du = — 2 J* (^/u — u 3 / 2 ) du = — |u 3 / 2 + 5 U 5 / 2 + C 

= -i(l-x 2 ) 3/2 + i(l-x 2 ) 5/2 +C 



(c) Trig substitution: x = sin0, | < 9 < |, dx = cos 9 dO, \/l — x 2 = cos 9 

J x 3 \/ 1 — x 2 dx = J” sin 3 9 cos 0 cos 0 d 0 = J” sin 2 0 cos 2 0 sin 8 d9 = J" ( 1 — cos 2 0 )cos 2 0 sin$d 0 
= J cos 2 9 sin$d$ — J” cos 4 0 sin 0 d 0 = — |cos 3 9 + |cos 5 9 + C= — 2(1 — x 2 ) 3 ^" + |(1 — x 2 ) 5,/2 + C 



58. (a) The slope of the line tangent to y = f(x) is given by f'(x). Consider the triangle whose hypotenuse is the 30 ft rope, 



the length of the base is x and the height h = 3/ 900 — x 2 . The slope of the tangent line is also 



3/900- 



-, thus 



f'(x) = 



/900 - > 



(b) f(x) = J W9 °o-* 2 dx |x = 30 sin 9, 0 < 9 < |, dx = 30cos 9 d 9, 3 / 9 OO - x 2 = 30cos 9 
= f fsf 30cos 0 d 9 = -30 f^o de = -30 d0 = -3ofcsc9d9 + 3o/sin0d0 



= 30 lnjcsc 9 + cot 9\ — 30 cos 9 + C = 30 In 



30 , /900 - x 2 



3/900 - x 2 + C; f(30) = 0 



0 = 30 In 



30 | V 900 - 30 2 
30 30 



3/900 - 30 2 + C = C => f(x) = 30 In 



30 , / 900 — x 2 



3/9OO" 



8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 



5x - 13 



= => 5x - 13 = A(x - 2) + B(x - 3) = (A + B)x - (2A + 3B) 



(x — 3)(x — 2) x — 3 x — 2 

A + B = 5 
^ 2A + 3B = 13 



=► -B = (10- 13) =* B = 3 =4- A = 2; thus, (x 2) - ^ + ^2 



2. ,./ x + 7 , = %// T) = + +=+ =► 5x “ ? = A(x - 1) + B(x - 2) = (A + B)x - (A + 2B) 

A + B = 5 ' 



x 2 — 3x + 2 (x — 2)(x — 1) 

+> B = 2 => A = 3; thus, 5x " 7 



A + 2B = 7 



X- - 3x + 2 X - 2 ~ X - 1 
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of+TF - + oTW => x + 4 - A(x + 1) + B - Ax + (A + B) => A _|_ B = 4 | 

x + 4 _ 1 

(x+1) 2 x + 1 



thus. 



3 

(x+1) 2 



A = 1 and B = 3; 



^TT = |^7 = ^ A T + (^TF =* 2x + 2 — A(x — 1 ) + B 
=* A = 2 and B = 4; thus, , = ^ + ^=1? 



Ax + <— A + B) =>_ a A +b 2 =2 } 



5 . 



^f^T) = 7 + 1 + 7^ => z+1 = Az ( z ~ 1) + B(z - 1) + Cz 2 =► z + 1 = (A + C)z 2 + (-A + B)z - B 
A + C = 0 

=+ -A + B = l}.=>B = -l=>A=-2=>C = 2; thus, -£±I^ = =? + 4 + 

f ’ ’ z z (z — 1) z z A z — 1 

-B = 1 



6 . 



r ? — 6z z 2 — z — 6 (z — 3)(z + 2) 

A + B =0 
2A — 3B = 1 



A 

z - 3 



z + 2 



=> 1 = A(z + 2) + B(z — 3) = (A + B)z + (2A - 3B) 



5B = 1 =7 B = — I => A = i; thus, 



- 6z 



z — 3 



z + 2 



7 t 2 + 8 

'■ t 2 - 5t + 6 



1 + g 51 ^ 2 6 (after long division); 



5t -F 2 5t ~F 2 A 

t 2 - 5t + 6 — (t - 3)(t - 2) — t^3 



B 

t- 2 



=+ 5t + 2 = A(t — 2) + B(t — 3) 



(A + B)t + (— 2A — 3B) => 



A + B = 5 1 

-2A - 3B = 2 J 



=> B = —12 =>• A = 17; thus, 



t 2 + 8 
t 2 - 5t + 6 



= 1 H — h ~ 12 

1 ^ t-3 T t-2 



-12 



-B = (10 + 2) = 12 



8 . 



t 4 + 9 
t 4 + 9t 2 



1 + 



— 9t 2 + 9 
t 4 + 9t 2 



1 + t 2 ( 9 t F + 9 ) (after long division); 



— 9t 2 + 9 _ A , B , Ct+D 
t 2 (t 2 4- 9) t ' t 2 ~ 4 " t 2 + 9 



=> — 9t 2 + 9 = At (t 2 + 9) + B (t 2 + 9) + (Ct + D)t 2 = (A + C)t 3 + (B + D)t 2 + 9 At + 9B 



A + C = 0 
B + D = -9 
9A = 0 
9B = 9 



A = 0 => C = 0; B = 1 =► D = —10; thus, = 1 + i + ^ 



9. + TTI =* 1 = A(1 + x ) + B(1 -x);x=l=>A=i;x = -l^B = i; 

/f^ = + = |[ln|l+x|-ln|l- X |]+C 



io. 

+ 2x x x + 2 



B => 1 = A(x + 2) + Bx; x = 0 => A = 1 ; x = -2 => B = - i ; 



/ 



dx 1 

x 2 -F 2x — 2 



/f-5/^ = |MxMn|x + 2|]+C 



11 . 



x + 4 _ 6 = ;tT 6 + 7^7 => x + 4 = A(x - 1) + B(x + 6 ); x = 1 => B = ^ ; x = — 6 => A = 0 ^ = f ; 



_ 5 . 



-2 _ 2 . 



x 2 + 5x 



/m^6 dx =7/7T6 + f/^ = 7 ln l x + 6| + fln|x-l|+C=iln|(x + 6) 2 (x-l) 3 |+C 



12. x 2 - X 7x 1 12 = ^4 + dbs =* 2x + 1 = A(x - 3) + B(x - 4); x = 3 => B = X = -7 ; x = 4 =► A = f = 9; 



5 dx = 9/ ^- 7/^3=91n|x-4|-71n|x-3|+C = ln 



(X - 4 f 
(x - 3) 7 



+ c 



13- 0^=3 = 7^ + 7TT => y = A(y + 1) + B(y - 3); y = -1 => B = E? = k 5 Y = 3 =» A = \ ; 

^ 3 = + \51yU = [? I" lY- 3| + i In |y + 1|] 4 = (1 ln5+ 3 In 9) - ( 2 In 1 + ± In 5) 

= i In 5 + i In 3 = ^ 



Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




486 Chapter 8 Techniques of Integration 



14. 



y + 4 

y 2 + y 



= 4 + _i_ ^ y + 4 = A(y+ 1) + By;y = 0 => A = 4;y = -1 => B = ^ = -3 ; 



/i) 2 ^7 d y = 4 / 1 ) 2 f - 3 X/ 2 7^1 = [4 In |y| - 3 In |y + 1|] i /2 = (4 In 1 - 3 in 2) — (4 In i — 3 In |) 
= ln 5 - ln ^ ^ f = tn (f • | • 16) = In f 



15- PTibt = 7 + iT3 + rei =► 1 = A(t + 2)(t- 1) + Bt(t- l) + Ct(t + 2);t = 0 =► A=-i;t=-2 



t 3 +t 2 - 

=> B = i;t=l => C= | 



:f 



dt 

t 3 +t 2 — 2t 



= - 1 ln 



+ I In |t + 2| + | In |t ■ 



1 f dt , 1 r dt , if dt 

2 J t + 6 J t+2 + 3 J t-1 

1| +C 



16. 



2^1 J = 7 + + 1^2 =► l (x + 3) = A(x + 2)(x - 2) + Bx(x - 2) + Cx(x + 2); x = 0 



A= ^;x: 



17. 



=* B = re;x = 2 => c=^;f^dx=~lff + i/^ + Aj. 

= ~ | ^ N + re ^ |x + 2| + ^ In |x - 2| +C = ^ hi | ~ ^ + 2) | + C 

x 2 + 2x + i = ( x - 2) + Iw (after lon 8 divisi °n); (fw = 7T7 + &TW =► 

= Ax + (A + B) =7 A = 3, A + B = 2 =* A = 3,B = -1; J ” 1 JT ^ dx 
= />-2)<lx + 3 

= (i - 2 + 3 ln 2 + i) - (1) = 3 ln 2 - 2 



dx 



* + 2x + 1 



3x + 2 = A(x + 1) + B 



2x + 3 ln |x + 1| + 



J o 



18. x 2 -2x+ i = ( x + 2) + (x X - l) 2 ( after long division); ^ + (x ” 1)2 => 3x - 2 = A(x - 1) + B 



3x — 2 



= Ax + (—A + B) =7 A = 3, -A + B = -2 A = 3, B = 1; J_° 



19. 



(x 2 - l) 2 

X — — ] 



+ 



+3J-, 


ax 

x - 1 


+ J 1 


1 - (A) 


)- 




_B_ i 


c 


L 


x-1 + 


(x + l) 2 1 (x 


1 • x _ 
4 5 A 


1 => 


D = 



dx 

(x - l) 2 - 



x J dx 

? -2x + l 
0 



\ + 2x + 3 ln |x — 1 1 — 



1 = A(x+ l)(x — l) 2 + B(x- l)(x+ l) 2 + C(x- l) 2 +D(x+ l) 2 



=> A-B+C+D=l =4> A - B = \ ; thus, A = i B = ± ; / 



dx 



20 . 



1 f dx if 


dx 


i r dx | i r dx 


4 J x+ 1 4 J 


x-1 + 


4 J (x + l) 2 1 4 J (x - l) 2 


x 2 


4- 


B , C „2 __ 


(x — 1) (x 2 + 2x + 1) 


x - 1 ' 


X + 1 + (X + l) 2 ^ x “ 



= ?!n 



X + 1 X 

x — 1 2 (x 2 — 1) 



(x 2 - l) 2 

+ c 



=> C = — ^ ; x = 1 => A = \ ; coefficient of x 2 = A + B => A + B = 1 => B = | ; J' 



X 2 dx 

(x- l)(x 2 +2x+ 1) 



3 JiT^I + 3 /(ATT - \ fuTW = 5 ln l x - 1 | + 3 ln l x + 1 | + 201TT) 



, p _ In (x - lXx + 1) 3 | . 1 | p 

' r ^ 4 ~ r 2(x + 1) ^ 



21 . 



+ 



Bx -T C 



1 ^ x 2 + 1 



1 = A (x 2 + 1) + (Bx + C)(x + 1); x = -1 



(x+ l)(x 2 + 1) 

= A + B =4- A + B = 0 =4- B = — | ; constant = A + C => A + C = 1 => C — ^ 

if* 1 dx | 1 r 1 (—x + 1) 

2Jo x +l 2 J o 



A = £ ; coefficient of x z 

dx 



Jo (X + 1) (x 2 + 1) 

2 Jo x + i ' 2 Jo x 2 + l dx= [iln|x+l|-iln(x 2 +l) + itan- 1 x]J 
= (1 ln 2 - 1 ln 2 + 1 tan- 1 l) - (1 ln 1 - i ln 1 + 1 tan" 1 0) = \ ln 2 + i (f) = (7r + ^ ln2) 



OO 3t 2 + t + 4 A I Bt + C 

t 3 + t ~ t t 2 + 1 



3t 2 + t + 4 = A (t 2 + 1) + (Bt + C)t; t = 0 => A = 4; coefficient of t 2 



= A + B A + B = 3 =*► B = — 1; coefficient of t = C => C = 1; J'/" 



3t 2 4- 1 + 4 



dt 
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= 4 f 3 ? + f 3 T+r dt = [4 ln |t| - \ In (t 2 + 1) + tan- 1 1 ] f 
— ^4 In \/3 — i In 4 + tan -1 \/3^ — (4 In 1 — 7 In 2 + tan- 1 l) 



= 2 In 3 — In 2 + f + \ In 2 — \ 



= 2 In 3 - | In 2 + ^ = In 



(vO 



+ 



12 



23. = f+T + (pTIf =* y 2 + 2y + 1 = (Ay + B) (y 2 + 1) + Cy + D 

= Ay 3 + By 2 + (A + C)y + (B + D) +> A = 0, B = 1; A + C = 2 => C = 2; B + D = 1 => D = 0; 

/i^f^ d y = /^ d y + 2 /f^ d y = tan " 1 y-FTi +c 



= &++ + refill =► 8x 2 + 8x + 2 = (Ax + B) (4x 2 + 1) + Cx + D 



4x 2 + 1 ^ .mi +gf 

= 4 Ax 3 + 4Bx 2 + (A + C)x + (B + D); A = 0, B = 2; A + C = 8 +> C = 8; B + D = 2 =+ D = 0; 

f 8x 2 + Sx + 2 j _ 2 f | l C f 

J (4x 2 + 1 ) 2 flX “ Z J 4x 2 + l + 8 J ( 



25. 



(4x 2 + 1)' 
2s + 2 



(4#flf = tan_1 2X “ + C 



As + B 



2s -f- 2 



(s 2 + 1) (s — l) 3 s 2 + 1 1 s — 1 1 (s — l) 2 1 (s — l) 3 

= (As + B)(s- 1) 3 + C(s 2 + 1) (s — l) 2 +D(s 2 + 1) (s — 1) + E(s 2 + 1) 

= [As 4 + (-3A + B)s 3 + (3A - 3B)s 2 + (-A + 3B)s - B] + C (s 4 - 2s 3 + 2s 2 - 2s + 1) + D (s 3 - s 2 + s - 1) 

+ E(s 2 + 1) 

= (A + C)s 4 + (-3A + B - 2C + D)s 3 + (3A — 3B + 2C — D + E)s 2 + (-A + 3B - 2C + D)s + (-B + C - D + E) 

A + C =0 
-3A +B-2C + D =0 
=> 3A — 3B + 2C — D + E = 0 
-A + 3B - 2C + D =2 
-B + C-D+E=2 



> summing all equations =4- 2E = 4 =+ E = 2; 



summing eqs (2) and (3) = 4 - — 2B + 2 = 0 => B = 1; summing eqs (3) and (4) => 2A + 2 = 2 =4 A = 0;C = 0 
from eq (1); then — 1+0 — D + 2 = 2 from eq (5) +> D = — 1; 



/ 



2s + 2 



(s 2 + 1) (s - l) 3 



ds = 



f ?TT - f(^W + 2 f+= t T7 - ^( s ^ 2 + (s - 1) 1 + tan 1 s + C 



o /i s — 1~ 8 1 A | Bs + C | Ds + E 

s(s 2 + 9)- _ s' + s 2 + 9 + (s 2 + 9) 2 



s 4 + 81 = A (s 2 + 9) + (Bs + C)s (s 2 + 9) + (Ds + E)s 



= A (s 4 + 18s 2 + 81) + (Bs 4 + Cs 3 + 9Bs 2 + 9Cs) + Ds 2 + Es 

= (A + B)s 4 + Cs 3 + (18A + 9B + D)s 2 + (9C + E)s + 81A +> 81A = 81 or A = 1; A + B = 1 => B = 0; 
C = 0; 9C + E = 0 =+ E = 0; 18A + 9B + D = 0 =+ D = -18; f °‘+ 81 ds = Jf - 18 f- sds 



( s 2 + 9 Y 



= In |s| 



■ + 9) 



+ C 



27. => x 2 - x + 2 = A(x 2 + x + 1) + (Bx + C)(x - 1) = (A + B)x 2 + (A - B + C)x + (A - C) 

=> A + B = 1, A — B + C = — 1, A — C = 2 => adding eq(2) and eq(3) =+ 2A — B = 1, add this equation to eq(l) 



=>■ 3 A = 2 +> A = | =+ B = 1 — A = | =+C = — 1— A + B = — Js^i+dx = f + 
= ifl±T dx +lf (x ^f + l dx [u = x + i =>u- i = x=+du = dx] 



(l/3)x — 4/3 

X 2 + X + 1 



dx 



/^ dx +f/uOT du = if ^r dx + if +rj du ~ if *h du 



ln|x - 1| + gin (x + l) 2 



+ 



3 3 



Vi 



tan 



1 ( 73)1) + C = l ln l x - 1 1 + 5 ln l x2 + x + 1 1 - V^tan- 1 ( ^ ) 



+ C 
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28. 



f + CFT + ^ 1 = A(x + l)(x 2 ^ x + 1) + B x(x 2 - x + 1) + (C x + D)x(x + 1) 

= (A + B + C)x 3 + (-B + C + D)x 2 + (B + D)x + A=J>A=1,B + D = 0=>D=-B, -B + C + D = 0 
=> -2B + C = 0 => C = 2B, A + B + C = 0=>1+B + 2B = 0=>B = — 4=>C = — l=>-D=;|; 



f^ dx = fix — x+t "f ^x+i 73 )^ = /; dx - 5/^TT dx - if; 

= In | x | — jln|x + lj — jln|x 2 — x + 1| + C 



2x — 1 
2 -x+ 1 



dx 



29. 






x+ 1 



+ — + 
T x- 1 ' 



Cx + D 
x 2 + 1 



X 2 = A(x - l)(x 2 + 1) + B(x + l)(x 2 + l)+(Cx + D)(x - l)(x + 1) 



= (A + B + C)x 3 + (—A + B + D)x 2 + (A + B — C)x — A + B — D=>A + B + C = 0, —A + B + D = 1, 

A + B — C = 0, —A + B — D = 0 => adding eq(l) to eq (3) gives 2A + 2B = 0, adding eq(2) to eq(4) gives 
— 2 A + 2B = 1, adding these two equations gives 4B = 1 =>■ B = I using 2 A + 2B = 0=>A = — using 



—A + B — D = 0=>D = j, and using A + B — C = 0=>C = 0; f ^ dx = f (=g + + FTl) dx 

= -s/^TI dx + if ^ dx + if ^ 2 TI dx = -? ln l x + 1| + ?ln|x- 1| + itan _1 x + C = 4 In 



x- 1 
x + 1 



^tan J x + C 



30. j+4^ 



^2 + ^2 + => x 2 + x = A(x + 2)(x 2 + 1) + B(x - 2)(x 2 + l)+(Cx + D)(x - 2)(x + 2) 

= (A + B + C)x 3 + (2 A - 2B + D)x 2 + (A + B - 4C)x + 2A - 2B - 4D => A + B + C = 0, 2A - 2B + D = 1, 



A + B — 4C = 1, 2A — 2B — 4D = 0 => subtractin eq(l) from eq (3) gives 5C = 1 =>■ C = — subtacting eq(2) from 
eq(4) gives — 5D — 1 =+ D — i, substituting for C in eq(l) gives A + B = I, and substituting for D in eq(4) gives 

2 A — 2B = |=^A — B = |, adding this equation to the previous equatin gives 2A = 4=2-A — A^B — “TTi- 



/ 

■4ln|x — 2| — Tln|x + 2\ - ^ln|x 2 + 1| + kan _I x + C 



fd2 dx -lf^Ti dx +lf 



x 2 + 1 



dx 



31. 



20 3 + 5 ff 2 + &e + 4 
( 8 2 + 28 + 2) 2 



AS + B 



+ 



C9 + D 



S 2 + 28 + 2 ^ (02 + 28 + 2) 2 



2 9 3 + 59 2 + 8(9 + 4 = (A0 + B) (0 2 + 29 + 2) + C9 + D 



29 + 2 



= A9 3 + (2A + B) 6> 2 + (2A + 2B + C)9 + (2B + D) => A = 2; 2A + B = 5 => B = 1; 2A + 2B + C = 8 =A C = 2 
2B + D = 4 

_ J 28 + 2 



D = 2; f 

dD-f 



“0 = f 



2 8 3 + 58 2 + 88 + 4 
( i 9 2 + 28 + 2) 2 

d9 1 r d (8~ + 28 + 2) C 

J ( 9 2 + 26 + 2) 2 _ J 



26+1 

(8 2 + 29 + 2) 



* + / i 



e 2 + 29 + 2 J 9- + 29 + 2 1 J (02 + 29 + 2) 

- 1 + In (0 2 + 29 + 2) -tan ” 1 (9+ 1) + C 



(9 2 + 29 + 2) 

d (9 2 + 29 + 2) f d 9 

8 2 + 28 + 2 J 



d0 



(9 + 1 j 2 + 1 9 2 + 29 + 2 



8 2 + 28 + 2 



32. 



1 - 4 8 3 + 2 8 2 - 39 + 1 _ A9 + B 



+ 



C9 + D 



E9 + F 



(9 2 + l) 3 9 2 + 1 (02 + I) 2 1 (02 + !) 2 

\2 



0 4 - 4(9 3 + 20 2 - 3(9 + 1 



= (A 6 » + B) ((9 2 + 1) + (CO + D) ( 6> 2 + 1) + E(9 + F = (A 6 + B) ( 6> 4 + 2 0 2 + 1) + (C(9 3 + D(9 2 + 09 + D) + Ed + F 
= (Ad 5 + B(9 4 + 2A6 3 + 2B 9 2 + A6 + B) + (C(9 3 + D(9 2 + C9 + D) + E(9 + F 

= A (9 5 + B 9 4 + (2A + C)6 3 + (2B + D) 6» 2 + (A + C + E)0 + (B + D + F) =+ A = 0; B = 1; 2A + C = -4 
C = —4; 2B + D = 2 D = 0;A + C + E = -3 => E=1;B + D + F=1 F = 0; 






- 49 3 + 29 2 - 39 + 1 _ 

(9 2 + l) 3 



a» = / rh~ 4 f 



ddd 

(i 9 2 + 1) : 



33. 2x3 A 2x2 + 1 = 2x + ^4— = 2x + 



x(x - 1) ’ x(x - 1) 



34 . 



— = (x 2 + 1 ) + = (x 2 + 1 ) + 



-+ f 


ddd 


2 + J 


(9 2 + l) 3 


A 


+ B 


j x 


+ x - 1 


dx i 
x ' , 


r dx 
J x-l ' 




1 



= tan - 1 9 + 2 (9 2 + 1) 1 - \{9 2 + t) 2 + C 



=> 1 = A(x — 1) + Bx; x = 0 => A = — 1; 



1 => B = 1; f 2x \. 2x l ' ' = /2xdx- Jf + =x 2 - In |x| + In |x - 1| +C = x 2 + In |^| +C 



(x + lXx - 1) ’ (x + l)(x - 1) 



k^Ti = )TTT + r^T 1 = A(x — 1) + B(x + 1); 



x = -l =► A = -i;x= t =b B = i;/A^ T dx=/(x 2 + l)dx-i/^ T + i/4^ T 
= j x 3 + x - i In |x + 1| + i In |x — 1| + C = y + x + i In 1 | + C 
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35. 9x x3 _ 3x x 4 1 = 9+ 9 x x o (x 3x + 1 (after long division); 9x x2(x 3 _ x + 1 = j 

=> 9x 2 - 3x+ 1 = Ax(x- 1) + B(x — 1) + Cx 2 ; x = 1 => C = 7;x = 0 =4 B = -1; A + C = 9 
dx = / 9dx + 2 /f -/l + 7 =9x + 21n|x| + i+71n|x-l|+C 



=> A = 2; 



36. 4 F^ = (4x + 4) +5: ^^;^ = ^ + ^ => 12x - 4 = A(2x — 1) + B 

=* A = 6 ; —A + B = — 4 =4 B = 2; Jp^rj dx = 4 f (x + 1) dx + 6 f ^ + 2 f ^ 

= 2(x + l ) 2 + 3 In |2x - 1| - + Ci = 2x 2 + 4x + 3 In |2x — 1| — (2x - IT 1 + C, where C = 2 + Ci 

37. = y - = 7 + => l = A(y 2 + l) + (By + C)y = (A + B)y 2 + Cy + A 

7=>A=1;A + B=0^B = -1;C = 0; f dy = f ydy -ff + f-tfL 

= £ - In |y| + i In (1 + y 2 ) +C 



38. 



2y 4 



By + C 



y 3 — y 2 -1- y — 1 A — A ^3 _ ^2 _j_ y _ j ? y3 _ y 2 y _ j ( y 2 + 2) (y — 1) y — 1 _r y 2 + 1 

=> 2 = A (y 2 + 1) + (By + C)(y - 1) = (Ay 2 + A) + (By 2 + Cy - By - C) = (A + B)y 2 + (-B + C)y + (A - C) 
=> A + B = 0, -B+C = 0orC = B,A-C = A-B = 2 => A = 1, B = -1, C = -1; 

“y = 2 1 <y + » dy + /At - /At dy - frh 

— (y + l ) 2 + In |y - 1| - | In (y 2 + 1) - tan ' 1 y + Ci = y 2 + 2y + In |y - lj - | In (y 2 + 1) - tan -1 y + C, 
where C = Ci + 1 



39 - J?tIt i = I e ‘ = y]/ 



dy _ 

y 2 + 3y + 2 



ffr-f 



=ln 

y + 2 



y + 1 

y + 2 



+ C = In 



(fcl) 



+ C 



40 



I 



dt = J ' e'dt; 



° 3t + 2e‘ - 

e 2i + 2 



y = e 1 
dy = e‘ dt 



/ 2 ^d, = /(, + ^r)d,= £ + / ? tTdy-/ ? i T 



= \ + \ In (y 2 + 1) — tan 1 y + C = \ e 2t + \ In (e 2t + 1) - tan 1 (e f ) + C 



4L / sin 2 y + sin y - 6 ? t Sln 1 C0S 1 = dt ] ^ f = 3 f ( F^2 ~ fT3 ) dt = 3 ln I M I + C 

+ c 



1 J sin y — 2 

5 siny + 3 



«■ / „.fi”’.-3 ;lcos(> = y] - 



y + 2 
y- 1 



+ C = 4 ln cos 8 ± 2 + C 

^ ^ 3 111 cos o — l ' ^ 



I In 2 + cos 6 i f-' 1 In cos 6—1 , n 

_ 3 111 1 - cos 9 “T ^ — 3 111 cos d + 2 ^ 



r (x — 2) 2 tan 1 (2x) — 12x 3 — 3x i T tan 1 (2x) 

J “ (4x 2 + 1) (x - 2) 2 aX ~ J 4x 2 + 1 



(X - 2) 2 



dx 



J tan 1 ( 2 x) d (tan 1 ( 2 x)) — 3 J 



dx g J dx (tan 1 2x) 



x — 2 



(x - 2) 2 



3 In |x - 2| + + C 



A a i f (x + l) 2 tan 1 (3x) + 9x 3 + x _ f tan 1 (3x) 4 , r , f 

44 • J (9x 2 + 1 ) (x + l) 2 0X ~ J 9x 2 + 1 QX + J 

= 5 f tan -1 (3x) d (tan ' 1 (3x)) + f ALy - f 



(x+ l) 2 
dx _ 



(x + l) 2 



dx 

(tan- 1 3x) 2 



+ In |x + 1 1 + ^-3— j- + C 



45. / 



3 / 2 -xA 
2 _ A 



dx = 



/ 



\A(x-i) 



dx 



Let u = y/x => du = 3 ~^dx => 2du = -^dx 



/n^T du - 



u 2 -l 



= ETT + ii^T => 2 = A( u - !) + B(u + 1) = (A + B)u - A + B =4 A + B = 0, -A + B = 2 
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=> B = 1 => A = 



T; // | du = f(^ + ^)du = du + du = — ln|u + 1| + ln|u - 1| + C 



= In 



V *- 1 

v/x+ 1 



+ c 



46 - / (xVS-D^ dx 



dx Let x = u 6 => dx = 6u 5 du 



f w^w 6u5du ^ f ^J du ^ f ( 6 + ^h) du 



= 6/du + f ^ ydu ; + _B_ ^ 6 = A(u - 1) + B(u + 1) = (A + B)u - A + B => A + B = 0, 

-A + B = 6^B = 3^A=-3; 6/du + f ^ du = 6u + f + U !,)du = 6u - 3/^du + 3/^du 



47. 



= 6u — 3 ln|u + 1| + 3 ln|u — 1| + C = 6x'/ 6 + 31n 



dx Let x + 1 = u 2 => dx = 2u du 



5 - 1 



X 1 / 6 + 1 



+ C 



f^=r i 2udu = /^4_ du = /(2 + ^ T )du 
= 2/du + / ^jdu; ^ ^ => 2 = A(u - 1) + B(u + 1) = (A + B)u - A + B => A + B = 0, 

-A + B = 2 =► B = 1 =► A = -1; 2/du + f ^ du = 2u + /(^ + ^)du = 2u - /^ du + f ^ du 

= 2u — ln|u + l|+ ln|u — 1| + C = 2y/x + 1 + ln| /L4~i l +C 



48 - f^ dx 



Let x + 9 = u 2 =>- dx = 2u du 



/(L^TL 2udu = /^ 



-a du; = -Aj + -^r 

-9 ’ vr — 9 u — 3 u + 3 



=> 2 = A(u + 3) + B(u - 3) = (A + B)u + 3A-3B=>A + B = 0, 3A-3B = 2=^A=i=t>B = 
fu^9 du = /(l/b - l/b) du = 5/L3 du -lf^h du = 3 In | u — 3| - iln|u + 3|+C= | In 



. 1 . 



A+9-3 

y^+ 9+3 



+ c 



49 - /y?TT) d x = /; 



.dx 



• + 1) UA “ J x 4 (x 4 + 1) 

1 = A(u+ 1) +Bu= (A + B)u 



Let u = x 4 =t> du = 4x 3 dx 



i/s(7TTT dl1 ; 



1 _ A 1 B 

+ 1) — u u+1 



4 J u(u + 1) 

= 1 =* B = -1; du = d /Q - ^)du 



L du - ?/vtii du = ? ln l u l - 5 ln l u + !| + C = 5 ln (x4+l) + c 



50 



■ f 



5 + 4) 



dx = 



f. 



5 + 4) 



dx = 



/wST 4) du; 



_ A , _B 

u 2 (u + 4) u ' u 2 



C 

u + 4 



Let u = x 5 =t> du = 5x 4 dxj 

=> 1 = Au(u + 4) + B(u + 4) + Cu 2 = (A + C)u 2 + (4A + B)u + 4B => A + C = 0, 4A + B = 0, 4B = 1 B 

=> A =-J6^ C = IE’’ 3/uJ(tr+4) du = 5 /(“nr + 3A + L!) du = -8t)/u du + 20/? du + 8t)/uT4 du 

= ^8t) ln l u l ~ 2 k + ^ ln l u + 4 ! + C = ^85 ln l x5 l ~ 25? + ^ ln |x 5 + 4 I +C = ilnl^-^l - xt? +C 



51. (t 2 — 3t + 2) f = 1; x = / 



/ - / = I hrf I + C; j— f = Ce x ; 1 = 3 and x = 0 



1 (~* _x t — 2 1 p x 

2 V- ' ^ t — 1 2 c 



t 2 - 3t + 2 

=> x = In |2 (t-^-y) | = In 1 1 — 2 1 — In 1 1 — 1 1 + In 2 



52. (3t 4 + 4t 2 + l)|= 2^3; x = 2^/ = v^/jfr - Af PTT 

= 3 tan -1 ^x/^t) — \/3 tan -1 1 + C; t = 1 and x = =t> — = 7r — /L + C =>■ C = — it 

=> x — 3 tan -1 — \/3 tan -1 1 — 7r 
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53. (t 2 +2t)!=2x + 2;i f -^ = J ^ =, I tn |x + t| = i / ? - 3 / :{ | => In |x + t| = In | ^ | + C; 
t = 1 and x=l => In 2 = In 3 + C => C = In 2 + In 3 = In 6 => In |x + 1| = In 6 | j-Ly | =>■ x + 1 = j-yL 
=> X = - 1 , t > 0 



54. (t + 1) f = x 2 + 1 => f = f ifj => tan^ 1 x = In |t + 1| + C; t = 0 and x = 0 => tan” 1 0 = In |1| + C 

=> C = tan -1 0 = 0 => tan -1 x = In |t + 1 1 => x = tan (In (t + 1)), t > — 1 



J » 2.5 p 2.5 / p 2.5 

0.5 y 2 dX = ^ Jo, dx = 37r ( Jo, (- 5^3 



x)) dx = [3 tt In 1 5 ^ 3 1] □;* = 3tt In 25 



56. V = 2tt f g xy dx = 2 nf o (x+1 ^ 2 _ x) dx = 4tt/ o (- 3 (^ 7 ) + | (^)) dx 
= [-f (ln|x+l|+ 21 n| 2 -x|)] J = f (In 2 ) 




58. a = /; 



4x 2 + 13x - 9 
x 3 + 2x 2 - 3x 



dx = 3 r- 

J 3 X 



f, 



dx 
3 x + 3 




[3 In |x| — In |x + 3| + 2 In |x — 1|] 3 = In ^ ; 



x = 



1 

A 



r 



x (4x 2 + 13x - 9) 
x 3 + 2x 2 - 3x 



dx = 



X ([4x15 + 3/; 



dx 

x + 3 




^ (8 + 1 1 In 2 — 3 In 6 ) = 3.90 



59. (a) |=kx(N-x) =>fj^ = f kdt =► lf^ + lf^- x = f kdt => Iln|^|=kt + C; 

k = 250’ ^ ~ 1000, t = 0 and x = 2 => In | ^ | = C => ygog In | 1000 _ x | — 550 + -fooo In (499) 

=► In I y^ I =4t =► y^ = e 4t =► 499x = e 4t (1000 - x) => (499 + e 4t ) x = lOOOe 4 * =► x = 

(b) x = 3 N = 500 =*> 500 = => 500 • 499 + 500e 4t = 1000e 4t => e 4t = 499 =>• t = 3 In 499 « 1.55 days 



60. 



? — , = k dt 

(a - x)(b-x) 



= k(a - x)(b - x) 

(a) a = b: f = f k dt => ^ = kt + C; t = 0 and x = 0 => 3 = C => ^ = kt + i 

=> x = a 



1 

a — x 



akt+ 1 



X = 



akt+ 1 



(b) a^b: f 



dx 

(a - x)(b - x) 



f kd < =*■ shf 



dx 

a — x 



1 

b — a 



a a 2 kt 

akt + 1 akt + 1 

dx 






pi- in 
b— a 



t = 0 and x = 0 =* ^ In 3 = C => In | | = (b - a)kt + In (|) ^ ^ = 3 e 



= kt + C; 

(b— a)kt 



=> X = 



ab [1 - e< b - a > kt ] 
a — be( b_a ) kt 



8.5 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 





(We used FORMULA 13(a) with a = 1, b = 3) 
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2 - fxjt 4 ~ V4 111 



y/x + 4 - y/4 
v / x + 4+ v/4 



+ C = i In 



C^+4-2 

Cx+4+2 



+ C 



(We used FORMULA 13(b) with a = 1, b = 4) 



3 - Z^ = / ! 7^+ 2 /-fc = /(v /5rT 2)‘* + 2 /(\ / ^2) 



y/x — 2 

= (?) 



dx 



= v/x-2 



2(x - 2) 



+ 4 



+ c 



(We used FORMULA 11 with a = 1, b = -2, n = 1 and a = 1, b = -2, n = -1) 



f x dx 1 


r (2x + 3) dx 


3 


r dx i i 


f dx 3 f 


J (2x + 3) 3 / 2 2 u 


1 (2x + 3) 3 / 2 


2 o 


1 (2x + 3) 3 / 2 2 J 


1 V2x + 3 2 J 



dx 



(y/2x + 3) 



= l/(V2x + 3) dx- i/(x/2* + 3) ’dx = (J) (§) 1221+21 _ 

= ^< 2 * + 3 + 3 > + C = 7ra+ C 

(We used FORMULA 11 with a = 2, b = 3, n = -1 and a = 2, b = 3, 

5. j xy/2x - 3 d x = ^ J (2x - 3)y/2x - 3 dx + § J y/2x - 3 dx = i J ^y/2x — 3^ dx + § J* ^y/2x — 3^ dx 



( \/2x — 3) 5 
5 



+ (2) V27 



(/2x-3) 3 



+ C = 



(2x - 3) 3/2 [2x-3 



+ 1] + c = 



(2) 


(-v/2x + 3) 


\2J 


(-D 


- -3) 






3 , 

dx + L 


_ (2x - 


■ 3)7 2 (x4- 1) 



3 1 ^ “ 2 L 5 1 J 1 — 5 

(We used FORMULA 1 1 with a = 2, b = -3, n = 3 and a = 2, b = -3, n = 1) 



+ C 



5. f x(7x + 5) 3 / 2 dx = 1 J(7x + 5)(7x + 5) 3 / 2 dx - f f {lx + 5) 3 / 2 dx = \ f (y/ 7xT5) 5 dx - § / (v/7x + 5)' 



- (1) (2\ (/7x + 5)' 



(2\ (\/7x + 5 )” 



t77 V77 7 - (f) (?) 3- 



(7x + 5) 5 / 2 



, r __ f (7x + 5) 5 / 2 
_r — [ 49 



2(7x4- 5) 



7 



-2 +C 



49 



(^)+C 



(We used FORMULA 1 1 with a = 7, b = 5, n = 5 and a = 7, b = 5, n = 3) 



? m 



4x 



dx 



dx = _^i + <^> r_^ 

x 2 J x v 2 9 — 4x 



+ c 



(We used FORMULA 14 with a = -4, b = 9) 



^9-4x 



2 (75) ln 



2/9 - 4x - y/9 
V9 - 4x + x/ 9 



+ c 



(We used FORMULA 13(b) with a = -4, b = 9) 



-y/9-4x 



— | In 



V9-4x-3 
V9-4x + 3 



+ C 



*■ / 



dx _ C 4x - 9 

V4x-9 _ <- 9 > x 



J; 



dx 



+ c 



18 J x\/4x — 9 

(We used FORMULA 15 with a = 4, b = -9) 

yAx-9 



) tan_1 yj 



4x — 9 



+ c 



9x 1 V97 ^7 V 9 

(We used FORMULA 13(a) with a = 4, b = 9) 

1 +C 



\/4x — 9 
— 9x 



27 tair 



9 . / X-\/ 4 x - X 2 dx = / X V 2 • 2 X - X 2 dx = (x + 2 X 2 x- 3 - 2 )y/ 2 - 2 ^ + | ^-1 (* = 2 ) + C 

= (» + 2 )( 2 x- 6 )>/^g + 4 sin -l (* = 2 ) + C = (x + 2 )(x — 3)C^ + 4 ^-1 (* = 2 ) + C 

(We used FORMULA 51 with a = 2) 
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10. /#2dx = /i<5p: 

(We used FORMULA 52 with a = \) 



dx = \/2 ■ i x — x 2 + | sin 1 + C = \/x — x 2 + | sin 1 (2x — 1) + C 



11 /^fe = / 



dx 



= -4- In 



>/7+d(V7) + > 



x^(vT) 

^We used FORMULA 26 with a = yjl 



c = -77 ln 



yA+^A + x 2 



12 . 



f dx = f 
•J x \/7 — x 2 d 



dx 



= - 4= in 

vT 






(Vl) -x ; 

(^We used FORMULA 34 with a = v/7 



C = 7 = In 



y/7 + x/7 - x 2 



13. 



/ dx — f dx = v/2 2 - x 2 - 2 In 2 +f^ + C = \/ 4 - x 2 - 2 In 



2 +y/T 



+ c 



(We used FORMULA 31 with a = 2) 



14. J dx = J ^ x2 x ~ 22 dx = Vx 2 - 2 2 - 2 sec - 1 ||| +C = a/x 2 - 4 - 2 sec " 1 |f| + C 

(We used FORMULA 42 with a = 2) 



15. J e 2t cos 3t dt = yy-ji (2 cos 3t + 3 sin 3t) + C = (2 cos 3t + 3 sin 3t) + C 

(We used FORMULA 108 with a = 2, b = 3) 



16. J'e 31 sin 4t dt = ( _ 3 e )2 3 ^ 42 (—3 sin 4t — 4 cos 4t) + C = y^ (—3 sin 4t — 4 cos 4t) + C 
(We used FORMULA 107 with a = -3, b = 4) 



17. / x cos " 1 x dx = f x 1 cos " 1 x dx = cos ” 1 x + ^ f j== 

(We used FORMULA 100 with a = 1, n = 1) 

= y cos -1 x + | (1 sin -1 x) — \ ^ x\/ 1 - x 2 ^j + C = y cos -1 

(We used FORMULA 33 with a = 1) 



= y COS 1 X 



1 f x 2 dx 

2 d \/l — x 2 



x + \ sin 1 x — \ x\/ 1 — x 2 + C 



18. J'x tan 1 x dx = J x 1 tan x (lx) dx = jyr tan X (l x ) — j-|r[ 
(We used FORMULA 101 with a = 1, n = 1) 

= y tan -1 x — 2 J" ( 1 — |2yi)dx (after long division) 

= T ,an_1 x - i / dx + | / A?* = J lan_1 x - s x + 5 



/ 



x 1+1 dx 
l + (l) 2 x 2 



Y 2 _1 

= y tan 1 x 



1 r x 2 dx 

2 J 1+x 2 



tan 1 x + C = 7((x 2 + l)tan 1 x — x) + C 



19. fx 2 tan 1 x dx = tan 1 x - rh/f^ dx = f tan 1 x - * f ^ dx 
(We used FORMULA 101 with a = 1, n = 2); 
fy$? dx = fxdx-ff^ = f - \ ln(l+x 2 ) + C => Jx 2 tan - 1 x dx 
= y tan -1 x — y + g In (1 + x 2 ) + C 
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dx = tan ' lx - (=2TT) f frw dx = An tan lx 



20. f ,a \'* dx = f X- 2 tan- 1 x 

(We used FORMULA 101 with a = 1, n = -2); 

= = lnM^ln(l+x 2 )+C 

=F dx = - I tan’ 1 x + In |x| - \ In (1 + x 2 ) + C 



f x 1 - 

J (1 + 



dx 



f si 



21. / sin 3x cos 2x dx = 



cos 5x cos x 



+ c 



10 2 

(We used FORMULA 62(a) with a = 3, b = 2) 



22. f sin 2x cos 3x dx = - + ^ + C 

(We used FORMULA 62(a) with a = 2, b = 3) 



23. J 8 sin 4t sin 4 dx = | sin (^) — | sin (^) + C 




+ C 



(We used FORMULA 62(b) with a = 4, b = \) 



24. J sin | sin g dt = 3 sin (|) — sin (|) + C 

(We used FORMULA 62(b) with a = b = I) 

25. J cos | cos | dd = 6 sin ( y|) + | sin (y|) + C 

(We used FORMULA 62(c) with a = ±, b = \) 



( 130 \ / 1^0 \ 

u z u id \ i3~ 4 is" + C 

(We used FORMULA 62(c) with a = ±, b = 7) 



27. 



/ 



X 3 + X + 1 

( X 2 + l ) 2 

= i ln(x 2 



dx = 

+ 1 ) 



f^TI+f 



dx 



2(1 - 



+ 



(x 2 + 1) 

i tan -1 x 



_ l 
7 “ 2 



f <m 

c 



x 2 + 1 



/« 



dx 

(x 2 + 1) : 



(For the second integral we used FORMULA 17 with a = 1) 




^For the first integral we used FORMULA 16 with a = \/3; for the third integral we used FORMULA 17 with 

a= yfe) 

= 775 (75) - - 2(x 2X +3) + C 



29 



. J sin 1 y^x dx; 



u = yx 

9 

X = U 

dx = 2u du 



P 



( u 1+1 

A 1+1 



1 

1+1 



/ 71-u 2 du ) 
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u - f 

J >/ 1 — u 2 

(We used FORMULA 99 with a = 1, n = 1) 

= u 2 sin -1 u — (| sin -1 u — | u\/ 1 — u 2 j + C = (u 2 — |) sin -1 u + ^ u \/ 1 — u 2 + C 
(We used FORMULA 33 with a = 1) 

= (x — 1) sirT 1 y/x + \ \Jx - x 2 + C 



30. f cos dx; 



u = V x 

,2 



x = u 

dx = 2u du 
(We used FORMULA 97 with a = 1) 

= 2 ( sjx cos -1 vT — \/ 1 — + C 



J cos^u . 2u du = 2 J cos 1 u du = 2 ^u cos 1 u — y 1 — u 2 ^ + ( 



31 - L 






dx; 



u = V x 

9 

X = u 

dx = 2u du 



f^ du = 2 fv rb du = 2 (L in - lu -UvT^)+« 



= sin 1 u — u \/l — u 2 + C 



(We used FORMULA 33 with a = 1) 

- x + C = sin” 1 a/x — \/x — x 2 + C 



= sin \/x — \J x 



32. 



T 



dx; 



U = a/x 
,2 



X = u 

dx = 2u du 



= 2 



’ f^^- 2udu = 2 f\J(V 2 ) -u 2 du 
5 \/ (V^) 2 - u 2 + sin” 1 (^j) + C = u^/2 - u 2 + 2 sin” 1 (^) + 1 



^We used FORMULA 29 with a = \J2 
— yjlx — x 2 + 2 sin -1 + C 

33. / (cot t) v/l -sin 2 t dt = f Vl " si ^ c ° st)dt ; 



u = sin t 
du = cos t dt 



/ 



\/l — u 2 du 



= \/ 1 — u 2 — In 



1 + \J 1 - u 2 



(We used FORMULA 31 with a = 1) 

1 + y / 1 — sin 2 1 1 
sin t 



= \J 1 — sin 2 t — In 
34. 



f dt 


j cos t dt 


u = sin t 


f du — 1 In 


2+ s/a - u 2 


J (tan t) y/ 4 — sin 2 1 *■ 


J (sin t) \/ 4 — sin 2 1 ’ 


du = cos t dt 


d u\/ 4 — u 2 


u 



(We used FORMULA 34 with a = 2) 

| 2 + \J A — sin 2 1 1 
sin t 



= -k\n 





u = In y 






f dy 


y = e u 
dy = e u du 


. f e" du _ f du _ J n 


u + a/3 + u 2 


J Ya/3 + On y) 2 ’ 


d e u y/ 3 + u 2 j y/ 3 + u 2 



= In | In y + a/3 + (In y) 2 1 + C 

(We used FORMULA 20 with a = 
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I tan 1 1 - | /g£* at] = t 2 tan 1 1 - J A 



I" t = \/y 1 

36. j tan” 1 y/y dy; y = t 2 — > 2 J t tan -1 t dt = 2 | tan -1 1 — 1 j y 4 ^ dt = t 2 tan” 1 1 — J yyy d 

. dy = 2t dt J 

(We used FORMULA 101 with n = 1, a = 1) 

= t 2 tan -1 1 — f dt + J y^Ly = t 2 tan” 1 t - t + tan” 1 1 + C = y tan” 1 ^Jy + tan” 1 y/y - y/y + C 



f i Hv Jt = x+l] ^ f i 
j A +1)2 + 4 X ’ [ dt = dx J ^ J x/t 2 



(We used FORMULA 20 with a = 2) 



= In t + 



+ C — In (x + 1) + a/(x + 1) + 4 + C — In (x + 1) + + 2x H- 5 + C 



38 - f- 



4: dx = f — dx- 1 X ^ 

Vx 2 -4x + 5 J v /( x - 2 ) 2 + 1 ’ [ dt = dx 

(We used FORMULA 25 with a = 1) 



-» f dt = f t2 +f + 2 dt = f -4=dt + f —^=dt + f -r==dt 

J \/t 2 + 1 J \/t 2 + 1 yj 1 2 + 1 y/ 1 2 + 1 J y/ 1 2 + 1 



(We used FORMULA 20 with a = 1) 




= -5 lnt + 



= - yin (x - 2) + J (x «- 2) 2 + 1 + (x — + 4-v/ (x - 2) 2 + 1 + 4 In (x - 2) + J (x - 2) 2 + 1 +C 



= ^ In (x - 2) + x 2 4x 5 + 



i + 6)-\/x 2 - 4x + 5 



39. f \/ 5 — 4x — x 2 dx = J y^9 - (x + 2J 2 dx; L — — > f A - t 2 dt; 



(We used FORMULA 29 with a = 3) 



= 4 x/9 - t 2 + ysin 1 (|) + C = 9 - (x + 2) 2 + |sin 1 (Np) + C = A" \/5 - 4x - x 2 + |sin 1 (^±^) + C 



40. fx 2 y / 2x-x 2 dx = Jx 2 ^! - (x - l) 2 dx; ^ X ^ -> J(t + l) Vl - t 2 dt = f(t 2 + 2t + 



= t v 1 - t- 



t + I v 1 — t 2 dt 



(We used FORMULA 30 with a = 1) 



(We used FORMULA 29 with a = 1) 



= ^sin- 1 (i)-itv / I-t 2 (l 2 -2t 2 ) -f(l-t 2 ) 3/2 + y \/l — t 2 + ysin” 1 (y) + C 

= |sin _1 (x — 1) - |(x- 1) a/i — (x ^ l) 2 (l 2 -2(x- l) 2 ]) - f (l - (x - l) 2 ]) ' + 1 - (x - l) 2 

+ Isin-^x- 1) + C = fsin-^x- 1) - §(2x-x 2 ) 3/2 + ^2x - x 2 (2x 2 - 4x + 5) + C 



41. J'sin 5 2x dx 



sin 4 2x cos 2x _i_ 5—1 



J sin 3 2x dx 



sin 4 2x cos 2x . 4 sin^ 2x cos 2x ■ 3—1 

10 t 5 3-2 ^ 3 



j sin 2x dx 



(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 

sin 4 2xcos2x 2 r ; n 2 o Y i 8 / 1\ ___ i r* sin 4 2xcos2x 2sin 2 2xcos2x 4 cos 2x 

10 15 Sin ZX COS ZX 15 V 2 y COSZX_h ^ — 10 15 15 



42. f 8 cos 4 27rt dt = 8 ( cos3 2 + 2 f 2?rt + f cos 2 27rt dt]) 

(We used FORMULA 61 with a = 27r, n = 4) 



cos 3 27rt sin 27rt if. t i sin (2-27r-t) . 

— 7T U 2 4-2t r J ^ 

(We used FORMULA 59 with a = 2 tt) 

cos 3 27rt sin 27rt i i 3 sin 47rt i r~y cos 3 2nt sin 27rt i 3 cos 27rt sin 27ft i i 

— n t ^ t C - n -1- 2n t 
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43. / sin 2 26 cos 3 26 d 6 = 26 + §d / sin 2 26 cos 26 dd 

(We used FORMULA 69 with a = 2, m = 3, n = 2) 

= sin32 ^ os22g + \ / sin 2 26 cos 26 dd = sip3 29 + § [| /sin 2 2(9 d(sin 20) 

44. / 2 sin 2 1 sec 4 1 dt = J 2 sin 2 t cos' 4 t dt = 2 Sln 2 t 3 1 + \ Z_\ J cos -4 1 dt) 

(We used FORMULA 68 with a = 1, n = 2, m = -4) 

= sin t cos -3 1 — J cos -4 1 dt = sin t cos -3 1 — / sec 4 1 dt = sin t cos -3 1 — ^ se g 2ui | nt + t=^ J se c 2 1 ^t) 

(We used FORMULA 92 with a = 1, n = 4) 

= sin t cos -3 1 — ^ sec 2 1 tan _ = tan t + C = | sec 2 1 tan t — | tan t + C = | tan t (sec 2 1 — 1) + C 
= | tan 3 1 + C 

An easy way to find the integral using substitution: 

/ 2 sin 2 1 cos -4 1 dt = / 2 tan 2 1 sec 2 1 dt = / 2 tan 2 1 d(tan t) = | tan 3 1 + C 

45. / 4 tan 3 2x dx = 4 ^ 2x — / tan 2x dx) = tan 2 2x — 4 / tan 2x dx 

(We used FORMULA 86 with n = 3, a = 2) 

= tan 2 2x — 4 In |sec 2x| + C = tan 2 2x — 2 In |sec 2x| + C 

46. / 8 cot 4 t dt = 8 ^ — / cot 2 1 dt) 

(We used FORMULA 87 with a = 1, n = 4) 

= 8 (— j cot 3 1 + cot t + t) + C 

(We used FORMULA 85 with a = 1) 

47. / 2 sec 3 7 tx dx = 2 do-Td + fd / sec nx dx 

(We used FORMULA 92 with n = 3, a = 7 t) 

= 1 sec 7 rx tan 7rx + - In I sec 7rx + tan 7rx| + C 

7T 7T 1 1 

(We used FORMULA 88 with a = n) 

48. / 3 sec 4 3x dx = 3 [ d^-T) 3 * + £d f sec 2 3x dx 

(We used FORMULA 92 with n = 4, a = 3) 

= sec23x 3 tan3x + | tan 3x + C 

(We used FORMULA 90 with a = 3) 

49. / esc 5 x dx = — csc3x _ c ° tx + §d / esc 3 x dx = - csc3x 4 cotx + 3 (- csc 3 x _ c g tx + §d / esc x dx) 

(We used FORMULA 93 with n = 5, a = 1 and n = 3, a = 1 ) 

= — i esc 3 x cot x — | esc x cot x — | In |csc x + cot x| + C 
(We used FORMULA 89 with a = 1) 

50. Jl6x 3 (ln x) 2 dx = 16 - \ f x 3 In x dx] = 16 - \ - \ f x 3 dx] 

(We used FORMULA 1 10 with a = 1, n = 3, m = 2 and a — 1, n = 3, m = 1) 

= 16 (dd - + f|) + 0 = 4x 4 (ln x) 2 - 2x 4 In x + ^ + C 



_ sin 3 26 cos 2 26 \ sin 3 2d i 
~ 10 15 ^ 
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x = e‘ — 1 
dx = e ( dt 

(We used FORMULA 92 with a = 1, n = 3) 



51. JV sec 3 (e‘ — 1) dt; 



J sec 3 x dx = 



sec x tan x . 3—2 



3-1 



J sec x dx 



sec x tan x i 1 



+ | In |sec x + tan x| + C = ij [sec (e ( — 1) tan (e l — 1) + In |sec (e 1 — 1) + tan (e ( — 1)|] + C 



52. f‘- 



f csc y~ 8 d9- 


' t = y/e ' 






6» = t 2 


—> 2 f csc 3 1 dt = 2 


csctcou + 3-2 J csctdt j 


•3 

<N 

II 

*0 







(We used FORMULA 93 with a = 1, n = 3) 

= 2 [— csc y 01 1 — i In |csc t + cot tj] + C = — esc J~9 cot \fd — In I esc \[0 + cot \fd 



+ C 



53. J (j 2y/x 2 + 1 dx; [x = tan t] — > 2 J g sec t • sec 2 1 dt = 2j g sec 3 1 dt = 2 [ gg|Ftasi j |_2 

(We used FORMULA 92 with n = 3, a = 1) 

= [sec t • tan t + In |sec t + tan t|] g^ 4 = \/~2 + In ^y/2 + 



sec 



54. f 
Jo 



v/3/2 



_dy_ 



s/2 ; [y = sin x] -» f o 



f/3 



cos x dx 



0 (l_y 2 ) 0 / 2 ’ 7 ' 1 Jo COS“X Jo 

(We used FORMULA 92 with a = 1, n = 4) 



f sec 4 x dx = 

Jo 



sec x tan x 



4-1 



1 ?r/3 
0 



j J sec 2 x dx 



4-2 

4- 1 Jo 



sec2x 3 tanx + | tan x 



7r/3 



= (I) v/3 + (I) v"3 = 2^/3 



55 



r * 2 / 2 i \3/2 r»7r/3 o C' K I' > 

J | ~ r ’ — dr; [r = sec 9] — > J g (sec 9 tan 9) d 9 — J g tan 4 9 d 9 



tan 3 6 



4-1 



n / 3 



f tan 2 0 d 6 
Jo 



tan 3 d 
3 



tan 9 + 9 



1 */3 



_ 3\/3 



/ Q | 7T 7T 

V3 + 3 = 3 



(We used FORMULA 86 with a = 1, n = 4 and FORMULA 84 with a = 1) 



i/v'a 



56 - X 
= [ 



dt 



(t^ + i) 7/2 



[t = tan 9] -»■ fj 6 = fj /6 cos 5 9 d9 = 

16 



J o 



7r/6 



+ 



(¥)X 



7r/6 



+ ( 5 5 1 ) J g cos 3 9 d 9 



cos 9 d 9 



cos “ fl 5 sinfl + ^ cos 2 61 sin 6> + ^ sin 0 



(We used FORMULA 61 with a = 1, n = 5 and a = 1, n = 3) 



't) «) , ,„/Ji 



+ (+#) tt) + (A)(» = ^ + ii 



_ y | i | 4 _ 3-9 + 48 + 32-4 _ 203 
1" jo I - 15 480 480 



- 7 r/( 
. 0 



57. S = //W+l+Cy') 2 dx 

•\'2 



x 2 + 2 



dx 



: 2\/2tt f a/x 2 + 1 dx 

: 2 a/ 2 tt [5^±I + I In |x + a/x 2 + 1 1 

(We used FORMULA 21 with a = 1) 

: [v^ + ln (v^+ -s/3)] = 27T\/3 + 7r^/2 In (^2+ V^) 



■ v'z 

- 0 




px/3/ 2 , r v/3/2 r ; 

58. L = J o /TTWdx = 2j o y j + x ' 

(We used FORMULA 2 with a = |) 



-aA /2 



2 dx = 2 



f y/3+x 2 + Q) G) In (x + ^/i+x 2 ) 



A /2 

0 
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y = 2k f 0 ;tt = ? I ln ( x + 1 )] 0 = 5 ln 4 = \ ln 2 = ln 



60. M y = £ x (^3) dx = 18 / o 3 |±| dx - 54 £ ^ = [18x - 27 In |2x + 3|] « 
= 18 • 3 - 27 ln 9 - (-27 ln 3) = 54 - 27 • 2 ln 3 + 27 ln 3 = 54 - 27 ln 3 




(We used FORMULA 22 with a = 1) 

= f [| (1 + 2 • 4)^l+4 - ± ln (2 + /Tm] 

+ | (1 + 2 • 4)y / 1 +4 + g In 2 + \J 1 + 4^ 

= f [ s 7 5 - l 1 "(^)] S37 - 62 




62. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
— r < y < — r + d. The width of this layer is 

2 y/ r 2 — y 2 . Therefore, A = 2 J i/r 2 — y 2 dy 

X -r+d 

i/r 2 — y 2 dy 




-r+d 




(We used FORMULA 29 with a = r) 

= 2L [VV2rd-d 2 + f sin' 1 (^) + f (f )] = 2L [(f) f 2rd - d 2 + (f ) (sin' 1 (‘ff + §)[ 



63. The integrand f(x) = y x — x 2 is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = 0 to x = 1 
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x 2 dx = 



a 



2 • k x - x 2 dx = 



f 1 r 
> / v x 
Jo v 

(We used FORMULA 48 with a = \) 
\/x — x 2 + i sin -1 (2x — 1) 



_ 1 




7 [ / 7[ \ 7T 

*2 8 l 2 / 8 



64. The integrand is maximized by integrating g(x) = x\/ 2x — x 2 over the largest domain on which g is 
nonnegative, namely [0, 2] 

r (x+lX2x-3)C^ g + 1 sin- 1 (x - 



/; x v^ 



x 2 dx = 



1 ) 



(We used FORMULA 51 with a = 1) 

1 7T 2 / 7T \ 7T 

2*2 2 V 2 / 2 



CAS EXPLORATIONS 



65. Example CAS commands: 

Maple : 

ql := Int( x*ln(x), x ); 

ql = value( ql ); 

q2 := Int( x A 2*ln(x), x ); 

q2 = value( q2 ); 

q3 := Int( x A 3*ln(x), x ); 

q3 = value( q3 ); 

q4 := Int( x A 4*ln(x), x ); 

q4 = value( q4 ); 

q5 := Int( x A n*ln(x), x ); 

q6 := value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect! factor(q7), ln(x) ); 



#(a) 

#(b) 

#(c) 

#(d) 

#(e) 



66. Example CAS commands: 

Maple : 

ql := Int( ln(x)/x, x ); 
ql = value( ql ); 
q2 := Int( ln(x)/x A 2, x ); 
q2 = value( q2 ); 
q3 := Int( ln(x)/x A 3, x ); 
q3 = value( q3 ); 
q4 := Int( ln(x)/x A 4, x ); 
q4 = value( q4 ); 
q5 := Int( ln(x)/x A n, x ); 
q6 := value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect! factor! q7), ln(x) ); 



# (a) 

# (b) 
#(c) 
#(d) 

# (e) 
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67. Example CAS commands: 

Maple : 

q := Int( sin(x) A n/(sin(x) A n+cos(x) A n), x=0..Pi/2 ); # (a) 

q = value( q ); 

ql := eval( q, n=l ): # (b) 

ql = value( ql ); 
for N in [1,2, 3.5, 7] do 
ql := eval( q, n=N ); 
print! ql = evalf(ql) ); 
end do: 

qql := PDEtools[dchange]! x=Pi/2-u, q, Lu] ); # (c) 

qq2 := subs! u=x, qql ); 

qq3 := q + q = q + qq2; 

qq4 := combine! qq3 ); 

qq5 := value! qq4 ); 

simplify! qq5/2 ); 



65-67. Example CAS commands: 

Mathematica : (functions may vary) 

In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10] 

Mathematica does not include an arbitrary constant when computing an indefinite integral, 

Clear[x, f, n] 
f[x_]:=Log[x] / x n 
Integrate [f[x], x] 

For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7r/4 in 
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 



65. (e) f x 11 ln x dx = x " n ^ x — ^j-j- f x n dx,n ^ —1 

( We used FORMULA 1 10 with a = 1, m = 1) 

(l n x — iT+t) + C 



x n+1 ln x 
n+1 



x n+1 , r _ x n+1 
(n+1) 2 — n+1 



66. (e) J x n ln x dx = x _" n ‘ + ll j x — ( _ n x )+1 J"x n dx, n ^ 1 

(We used FORMULA 1 10 with a = 1, m = l,n = — n) 



1 -n 



b(S)+C=i+;(lnx- r L)+' 



67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 

(b) MAPLE and MATHEMATICA get stuck at about n = 5. 

(c) Let x = | — u =+ dx = — du; x = 0 => u = | , x = | =+ u = 0; 

* /2 — r° -sm-(;-u)du _ p/ 2 c 0 s n u d u _ r' 2 

J tt/ 2 sin 11 ( ^ — u) + cos n ( ? — u) Jo cos n u + sin n u Jo 



I = 



J >7T/ 

0 

1 + 1= r /2 ( s m"x + co s °x N dx _ p 2 dx= | ^ I = 

J o V sin 11 x + cos 11 x / Jo 2 



sin 11 x dx 
sin 11 x+cos n x 

tt/2 

/0 



cos 11 x dx 
cos 11 x + sin 11 x 
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8.6 NUMERICAL INTEGRATION 



t. f\ dx 

I. (a) For n = 4, Ax = ^ 

£ mf ( x i) = 12 => T = | (12) = | ; 
f(x) = x ^ f'(x) =1 => f" = 0 =>■ M = 0 

=> |e t | = o 



1 v Ax 
4^2 
3 . 

2 





Xi 


f(Xi) 


m 


mf(Xj) 


Xo 


1 


1 


i 


1 


Xl 


5/4 


5/4 


2 


5/2 


X 2 


3/2 


3/2 


2 


3 


X 3 


7/4 


7/4 


2 


7/2 


x 4 


2 


2 


1 


2 



f: 



x dx = 



'=2-i = ! => ie,i = // 



x dx - T = 0 



(c) 



|e t | 



True Value 



x too = 0% 



II. (a) For n = 4, Ax = 



b — a 



2-1 

4 



Ax 

3 



JL 

12 



E m f( x i) =18 =» S = i(18) = | 



f(4)(x) = 0 => M = 0 => |E S | =0 
(b) f t x dx = | => |E S | = £x dx-S=§-§=0 

x 100 = 0 % 



(c) 



True Value 





Xi 


f(Xi) 


m 


mf(Xj) 


x 0 


1 


1 


i 


1 


Xl 


5/4 


5/4 


4 


5 


x 2 


3/2 


3/2 


2 


3 


x 3 


7/4 


7/4 


4 


7 


x 4 


2 


2 


1 


2 



2 . 



f (2x - 1) dx 

I. (a) Forn = 4, Ax = ^ = f = I =*► f = 1 ; 

E mf( Xi ) = 24 =► T = | (24) = 6 ; 
f(x) = 2x - 1 => f'(x) = 2 => f" = 0 =>■ M = 0 

=► |e t | = o 

(b) f\ 2x - 1) dx = [x 2 - x] l = (9 - 3) - (1 - 1) = 6 



(c) 



|e t | 

True Value 



x 100 = 0% 



II. (a) Forn = 4, Ax = ^ = \ = \ =► f = 1 ; 

E mf( Xi ) = 36 => S = i (36) = 6 ; 
f(4)(x) = 0 => M = 0 => |E S | = 0 

(b) f'i 2x - 1) dx = 6 => |E S | = 2x - 1) dx - S 
= 6 - 6=0 



(c) 



True Value 



x 100 = 0 % 





Xi 


f(Xi) 


m 


mf(x.) 


x 0 


1 


1 


i 


1 


Xl 


3/2 


2 


2 


4 


x 2 


2 


3 


2 


6 


x 3 


5/2 


4 


2 


8 


X 4 


3 


5 


1 


5 



=> |Et| = 



f 3 (2x - 1) dx - T = 6 - 6 = 0 





Xi 


f(Xi) 


m 


mf(x.) 


x 0 


1 


1 


i 


1 


Xl 


3/2 


2 


4 


8 


x 2 


2 


3 


2 


6 


X 3 


5/2 


4 


4 


16 


X 4 


3 


5 


1 


5 



3. J^(x 2 + l)dx 



I. (a) For n = 4, Ax = - — - = 



_ b -a _ l-(-l) 



(b) J^(x 2 + l)dx 



Ax 

2 



1 . 

4 ’ 



E mf( x i) = 11 =► T= 1(11) = 2.75; 

f(x) = x 2 + 1 =>• f'(x) = 2x f"(x) = 2 
=► |E t | < hid) (I) 2 (2) =i or 0.08333 



M = 2 





Xj 


f(Xi) 


m 


mf(x.) 


x 0 


-1 


2 


i 


2 


Xl 


-1/2 


5/4 


2 


5/2 


X 2 


0 


1 


2 


2 


X 3 


1/2 


5/4 


2 


5/2 


X 4 


1 


2 


1 


2 



=> IEtI = 



12 I 



T +X 

3 J -1 

i 0.08333 



= (5 + ! ) “ (- 5 ~ ! ) = I ^ E T = f_ t (x 2 + 1) dx - T = f 



(c) 



|e t | 



True Value 



X 100 = hr X 100 « 3% 
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II. (a) Forn = 4, Ax = ^ = \ = \ =► f = b 

E mf(Xi) = 16 => S = \ (16) = | = 2.66667 ; 
f(3)(x) = 0 => fO)(x) = 0 =$■ M = 0 => |E S | = 0 

(b) £ i (x 2 + l)dx= [y+x] \ = | 

=► |E S | = /^(x 2 + 1) dx - S = f - | = 0 



(c) 



True Value 



x 100 = 0% 





Xi 


f(Xi) 


m 


mf(x.) 


Xo 


-1 


2 


i 


2 


Xi 


-1/2 


5/4 


4 


5 


X 2 


0 


1 


2 


2 


X 3 


1/2 


5/4 


4 


5 


x 4 


1 


2 


1 


2 



4. J_° 2 (x 2 - 1) dx 

I. (a) For n = 4, Ax = — 



0 — (— 2 ) 



Ax 

2 



E mf(x ; ) = 3 =}► T = i (3) = | ; 
f(x) = x 2 - 1 => f'(x) = 2x => f"(x) = 2 
=> M = 2 => |E t | < °=±=V (1) 2 (2) = i = 0.08333 





Xi 


f(x,) 


m 


infix,) 


x 0 


-2 


3 


i 


3 


Xl 


-3/2 


5/4 


2 


5/2 


x 2 


-1 


0 


2 


0 


x 3 


- 1/2 


-3/4 


2 


-3/2 


x 4 


0 


-1 


1 


-1 



(b) / 2 (x 2 - l)dx 

=*> |e t | = 

I T7 I 

(c) 



0 

J -2 



= 0 - (- ! + 2) = ! => E t = J_ 2 (x 2 - 1) dx - T 



3 _ 

4 



1 



True Value 



12 

x 100 = 



II. (a) For n = 4, Ax = 



b — a 



x 100 » 

. 0 — (— 2 ) 



13% 

_ 2 _ 

~ 4 ~ 



f = l ; E mfCxO = 4 =► S = i (4) = | 



f(3)(x) = 0 => f ,4) (x) = 0 

(b) X_° 2 (x 2 - 1) dx = § => |Es| = /_° ( 



M = 0 

0 



> |Es| =0 
1) dx-S 



= 2 - 2=0 
3 3 U 



(C) 



True Value 



x 100 = 0% 





Xi 


f(x,) 


m 


mf(Xi) 


x 0 


-2 


3 


i 


3 


Xl 


-3/2 


5/4 


4 


5 


X 2 


-1 


0 


2 


0 


X 3 


- 1/2 


-3/4 


4 


-3 


X 4 


0 


-1 


1 


-1 



5. 



fo(t 3 +t) dt 

I. (a) For n = 4, Ax = E=J! = AlO = | = l 



25 

4 



=> f = \ ;E mf (t.) = 25 => T = 1 (25) = 
f(t) = t 3 + t => f'(t) = 3t 2 + 1 =*► f"(t) = 6t 

|E T |<^(i) 2 (12)=i 



M = 12 = f"(2) 



(b) / o 2 (t 3 +t)dt: 



t 4 , t 2 
4^2 



(c) 



|e t | 

True Value 



x 100 = 



1 2 
. o 

x 100 



(t + t) 



0 = 6 



4% 



II. 



Ax 1 . 

3 — 6 ’ 



(a) For n = 4, Ax = E_i! = ^ = \ = \ => 

E mf(tj) = 36 => S = I (36) = 6 ; 

f(3)( t ) = 6 => fO)(t) = 0 => M = 0 =>■ |E S | = 0 

(b) £(t 3 + 1) dt = 6 =► |E S | = £(t 3 + 1) dt - S 
= 6 - 6=0 



(c) 



True Value 



x 100 = 0% 





h 


f(t ; ) 


m 


mf(t.) 


to 


0 


0 


i 


0 


ti 


1/2 


5/8 


2 


5/4 


t2 


1 


2 


2 


4 


t 3 


3/2 


39/8 


2 


39/4 


u 


2 


10 


1 


10 



|E T | = / o 2 (t 3 + t)dt-T = 6-f = -i 





h 


fit,) 


m 


mf(t.) 


to 


0 


0 


i 


0 


ti 


1/2 


5/8 


4 


5/2 


t2 


1 


2 


2 


4 


t 3 


3/2 


39/8 


4 


39/2 


t 4 


2 


10 


1 


10 



12 



=> I e t| = \ 
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6 . 



Jjt 3 + l)dt 

I. (a) For n = 4, Ax = = 1 = \ = \ 

v J 9 n 4 4 2 

=► f = \ ; E mf(t,) = 8 => T = J (8) = 2 ; 

f(t) = t 3 + 1 => f'(t) = 3t 2 => f"(t) = 6t 
=> M = 6 = f"(l) =► |E t | < (|) 2 (6) = 1 





ti 


f(t.) 


m 


mf(t.) 


to 


-1 


0 


i 


0 


tl 


-1/2 


7/8 


2 


7/4 


^2 


0 


1 


2 


2 


t3 


1/2 


9/8 


2 


9/4 


t4 


1 


2 


1 


2 



II. 



(b) 

(c) 
(a) 



(b) 



/_l(t 3 + l)dt: 



+ t 



J -l 



(t + 1 ) - (^ + (-1)) = 2 =* |E t | = fj t 3 + 1) dt 



T = 2 — 2 = 0 



True Value 



x 100 = 0 % 



For n = 4, Ax = ^ = = l = \ 

=> f = l ; E mf (t.) = 12 =► S = i (12) = 2; 
f( 3 )(t) = 6 => fO)(t) = 0 => M = 0 =>• |E S | = 0 

XI, ( t 3 + 1) dt = 2 =► |E S | = XI, ( t 3 + 1) dt - S 
= 2 - 2=0 





tj 


fft) 


m 


mf(t.) 


to 


-1 


0 


i 


0 


ti 


-1/2 


7/8 


4 


7/2 


t2 


0 


1 


2 


2 


t3 


1/2 


9/8 


4 


9/2 


t4 


1 


2 


1 


2 



(c) 



|Es| 

True Value 



x 100 = 0 % 



7. 




I. 



(a) 



For n = 4, Ax = ^ = ?-=A = 1 

n 4 4 



Ax 1 . 

2 8 > 



E mf ( s i) 



_ 179,573 
— 44,100 



T _ 1 ( 179,573 \ _ 179,573 
1 — 8 y 44,100 J ~ 352,800 



» 0.50899; f(s) = E ^ f'(s) = - f 

=S> f"( S ) = 6 ^ M = 6 = f"(l) 

=> |E t | < ^ Q) 2 (6) = i =0.03125 

w x, 2 ? ds = x ;- 2 ds = t- i] ; = - s - (- t) = 





Si 


f(Si) 


m 


mf(Si) 


So 


1 


1 


i 


1 


Si 


5/4 


16/25 


2 


32/25 


S2 


3/2 


4/9 


2 


8/9 


S3 


7/4 


16/49 


2 


32/49 


S 4 


2 


1/4 


1 


1/4 



E t = X, 2 ? ds - T = \ - 0.50899 = -0.00899 



=> |E t | = 0.00899 

(c) TluMiue>< 10 0= ( ^Fxl00«2% 

II. (a) Forn = 4, Ax = ^ ^ = 1 =* f = i ; 

V rnfY- — 264,821 o _ 1 ( 264,821 \ _ 264,821 

44,100 ^ ° 12 \ 44,100 J 529,200 

« 0.50042; f^ 3 )(s) = - f => f (4 )(s) = ^ 

=* M= 120 =► |E S | < l 2 , S() ‘l (i) 4 (120) 

= « 0.00260 

(b) J"? ds = \ => E s = f 2 ± ds - S = i - 0.50042 = -0.00042 => |E S | = 0.00042 

(c) xJ/alue X 100 = °-W X 10° « 0.08% 





Si 


f(s.) 


m 


mf(Si) 


so 


1 


1 


i 


1 


Si 


5/4 


16/25 


4 


64/25 


S2 


3/2 


4/9 


2 


8/9 


S3 


7/4 


16/49 


4 


64/49 


S 4 


2 


1/4 


1 


1/4 



8- X(Z IF ds 

I. (a) For n = 4, Ax = = i^2 = i ^ Ax = i . 

Emf(sO=^ 

=* T =Hlr) = Tii= 0-70500; 

f(s) = (S - I )" 2 => f'(s) = - (Zp 

=> f"(s) = (ZlF =» M = 6 
=► |Et| < ^ (I) 2 (6)= i = 0.25 





Si 


f(Si) 


m 


mf(Si) 


so 


2 


1 


i 


1 


Si 


5/2 


4/9 


2 


8/9 


S2 


3 


1/4 


2 


1/2 


S3 


7/2 


4/25 


2 


8/25 


s 4 


4 


1/9 


1 


1/9 
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<•» X 



i 



ds = 



-l 



J 2 



(c) 



2 (S-1) 2 “ L<S-1) 

|E t | « 0.03833 

x 100 = PIP x 100 



= ( 4 ^) - ( 2 ^) = | => E T = / 2 4 ^ds-T = 



0.705 



-0.03833 



True Value ^ (]) 

II. (a) For n = 4, Ax = ^ : 

1813 



6% 



4-2 

4 



Ax 

3 



E mf(Si) = ^ 

=* S=i(w) = l0« 0.67148; 
f(3)( s)= ^ => f ( 4 ) (s) = 120 - 



(S-l) 5 ^ 1 W — ( S _i)6 

4-2 n\ 4 /nm _ 1 ~ 



(b) x 

(c) 



=* |Es| < ^ Q) (120) = 
ds = | => E s = £ 



12 



2 (S-l) 2 



True Value 



2 (s- l ) 2 

x 100 = PP 1 x 100 « 1% 

Ul 



=> M = 120 
0.08333 
ds - S 





Si 


f(Si) 


m 


mf(Si) 


So 


2 


1 


1 


1 


Si 


5/2 


4/9 


4 


16/9 


S 2 


3 


1/4 


2 


1/2 


S 3 


7/2 


4/25 


4 


16/25 


s 4 


4 


1/9 


1 


1/9 



I - 0.67148 = -0.00481 



0.00481 



9. f* si 

Jo 



sin t dt 



I. (a) For n = 4, Ax = ^ = ^ = f 



Ax 7T . 

2 — 8 ’ 



11 

E mf(ti) = 2 + 2 a/2 « 4.8284 
=> T = | (2 + 2 v/2) « 1.89612; 
f(t) = sin t =>■ f'(t) = cos t =>■ f"(t) = —sin t 

=* M = 1 =* |e t | < ^ (!) 2 (D = m 

« 0.16149 

(b) J sin t dt = [—cos t] q = (—cos 7r) — (—cos 0) 

ft) ra^ xloo = “>< 1 oo~^ 



; 5% 





tj 


f(t,) 


m 


mfft) 


to 


0 


0 


1 


0 


ti 


7r/4 


y/2/2 


2 


\/2 


t2 


7t/2 


1 


2 


2 


l 3 


3tt/4 


y/2/2 


2 




t 4 


7 r 


0 


1 


0 



|E t | = sin t dt — T « 2 — 1.89612 = 0.10388 



II. (a) For n = 4, Ax = ^ ^ = f => ^ g ; 

E mfft) = 2 4- 4^/2 « 7.6569 
=> S = § (2 + 4^/2) « 2.00456; 
f( 3 l(t) = —cos t => f ^ 4 ^(t) = sin t 
=> M = 1 => |E S | < ^ (|) 4 (1) « 0.00664 
(b) fj sin t dt = 2 =>• E s = fj sin t dt - S w 2 - 2.00456 = -0.00456 => |E S | « 0.00456 
ft) tsMe>< 10 0=^x100 «0% 





tj 


fft) 


m 


mfft) 


to 


0 


0 


1 


0 


ti 


7r/4 


\f 212 


4 


2\J~2 


t2 


7t/2 


1 


2 


2 


t3 


3tt/4 


\f 212 


4 


2\J~2 


t 4 


7 r 


0 


1 


0 



7Tt dt 

For n = 4, Ax = f-p = E=d> — I =>. A* = i ; 

E mfft) = 2 4- 2\[2 « 4.828 
=> T = | (^2 + 2\/2) « 0.60355; f(t) = sin "t 

=> f'(t) = 7T COS 7Tt 
=>■ f"(t) = — 7T 2 Sin 7Tt => M = 7T 2 

=► |Et| < ^(s) 2 ^ 2 )^ 0.05140 
(b) sin 7rt dt = [— i cos 7rt] J = (— f cos 7r) — (— f cos 0) = 2 ~ 0.63662 => |E T | = sin 7rt dt — T 
« 2 - 0.60355 = 0.03307 
ft) TiuMiuS X 100 = ^ x 100 « 5% 





tj 


fft) 


m 


mfft) 


to 


0 


0 


1 


0 


ti 


1/4 


\[2I2 


2 




t2 


1/2 


1 


2 


2 


l 3 


3/4 


\[ii 2 


2 




t4 


1 


0 


1 


0 



10. f sin 
Jo 

I. (a) 
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II. 



11. (a) 
(b) 



12. (a) 
(b) 



13. (a) 



(b) 



14. (a) 



(b) 



15. (a) 



(b) 



16. (a) 



(b) 



17. (a) 



(b) 



18. (a) 



(b) 



(a) Forn = 4, Ax = ^ ^ = \ =*► f = A ; 

£ mf(t.) = 2 + \sjl « 7.65685 
=> S = A (2 + 4/2) « 0.63807; 

f®(t) = — 7T 3 COS 7Tt =>• fl 4 l(t) = 7T 4 sin 7Tt 

=* M = ^ 4 =* |E S | < y>(i) 4 (7r 4 ) « 0.00211 

(b) sin 7rt dt = | « 0.63662 =>• E s = J'sin vrt dt - S « £ - 0.63807 = -0.00145 => |E S | « 0.00145 

(c) tMs X 100 = ^ X 100 « 0% 

M = 0 (see Exercise 1): Then n = 1 => Ax = 1 =$■ |E T | = A (1) 2 (0) = 0 < 10~ 4 

M = 0 (see Exercise 1): Then n = 2 (n must be even) => Ax = 4 =>■ |E S | = yA ( ^ ) 4 (0) = 0 < 10~ 4 

M = 0 (see Exercise 2): Then n = 1 => Ax = 2 =>■ |E T | = A (2) 2 (0) = 0 < 10~ 4 

M = 0 (see Exercise 2): Then n = 2 (n must be even) => Ax = 1 =>■ |E S | = y|g (1) 4 (0) = 0 < 10~ 4 

M = 2 (see Exercise 3): Then Ax = £ =>■ |E T | < A (A) 2 (2) = Aj < 10 -4 => n 2 > | (10 4 ) =$■ n > ^ [ | (10 4 ) 

=> n > 1 15.4, so let n = 116 

M = 0 (see Exercise 3): Then n = 2 (n must be even) => Ax — 1 => |E S | = yA (1) 4 (0) = 0 < 10~ 4 

M = 2 (see Exercise 4): Then Ax = £ => |E T | < ^ (A) 2 (2) = Aj < 10 -4 => n 2 > | (10 4 ) => n > yj | (10 4 ) 

=> n > 1 15.4, so let n = 116 

M = 0 (see Exercise 4): Then n = 2 (n must be even) => Ax = 1 => |E S | = t 2 0 (1) 4 (0) = 0 < 10~ 4 

M = 12 (see Exercise 5): Then Ax = \ =s> |E T | < A (A) 2 (12) = A < l(T 4 => n 2 > 8 (10 4 ) => n > ^/8(10 4 ) 
=> n > 282.8, so let n = 283 

M = 0 (see Exercise 5): Then n = 2 (n must be even) => Ax = 1 => |E S | = y|g (1) 4 (0) = 0 < 10~ 4 

M = 6 (see Exercise 6): Then Ax = = =>• |E T | < A (=) 2 (6) = A < l(r 4 =>• n 2 > 4 (10 4 ) => n > ^4(10 4 ) 

= 200, so let n = 201 

M = 0 (see Exercise 6): Then n = 2 (n must be even) => Ax = 1 =>• |E S | = y|g (1) 4 (0) = 0 < 10~ 4 

M = 6 (see Exercise 7): Then Ax = I =>• |E T | < A (I) 2 (6) = Aj < 10~ 4 => n 2 > \ (10 4 ) n > yj \ (10 4 ) 

=> n > 70.7, so let n = 7 1 

M = 120 (see Exercise 7): Then Ax = 4 => |E S | = yA (i) 4 (120) = Aj < 10" 4 ^ n 4 > § (10 4 ) 

=>• n > yj | (10 4 ) =>■ n > 9.04, so let n = 10 (n must be even) 





ti 


f(t ; ) 


m 


mf(tj) 


to 


0 


0 


1 


0 


tl 


1/4 


y /2/2 


4 


2y/2 


*2 


1/2 


1 


2 


2 


t3 


3/4 


y /2/2 


4 


2\ J ~2 


t 4 


1 


0 


1 


0 



M = 6 (see Exercise 8): Then Ax = 4 =>■ |E T | < A (=)“(6) = A < jq 4 =>■ n 2 > 4 (10 4 ) => n > \ (10 4 ) 

=>■ n > 200, so let n = 201 

M = 120 (see Exercise 8): Then Ax = 4 => |E S | < yA ( 4 ) 4 (120) = 0 < 10~ 4 => n 4 > f (10 4 ) 

=> n > yj y (10 4 ) => n > 21.5, so let n = 22 (n must be even) 
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19. (a) f(x) = a/x+ 1 => f'(x) = i (x + 1 r l/2 => f"(x) = - \ (x + 1 r 3/2 = - 



M = 



4 (V x + 1) 4(/l) 

Then Ax = f =* |E T | < f Q) 2 (I) = ^ < 1(T 4 =* n 2 > £ (10 4 ) =* n > ^ (10 4 ) => n > 75, 

so let n = 76 

(b) f®(x) = § (x + 1 r 5 / 2 => fO)( x ) = - || (x + 1)“ 7/2 = - 



3 - 4 ■ 



15 



=> M = — 15 T = || . Then Ax = - 

16(v/x + l) 16 (-y/T) 



=>> ip I < J_ (A 4 ( 15 5 _ 3 5 (15) 
Fs| 35 iso V n / V 16/ — 16(1 80>n 4 

n = 12 (n must be even) 



< 10 



,-4 



4 3 5 (15) (10 4 , 

11 ^ 16(180) 



n > 



4 / 3 5 (15> (10 4 ) 
16(1801 



n > 10.6, so let 



20. (a) f(x) — 



l/x+l 



f'( x ) = - 1 (x + ir 3/2 => f''(x) = | (x + ir 5 / 2 = 



3 = M = 3 = 3 

4(v^TT) 5 4(vT) 5 4 ' 



Then Ax = | =* |E T | < n Gf (?) = Ji? < 10 4 ^ n 2 > => n > yj => n > 129.9, 



so let n = 130 



(b) f( 3) (x) = - f (x + I )- 7 / 2 => fW(x) = if (x + I )- 9 / 2 = 



105 



16 (^x+T) 



M = 



105 



3 5 (105) 



=► 1*1 < ito (1)* ® = ot? 

let n = 18 (11 must be even) 



< 10- 



4 ^ 3 b (105) (10 4 
n > 16(180) 



n > 



16 ( 1 / 1 ) 

4 / 3 5 (105) (10 4 ) 
16(180) 



= W . Then Ax = - 

16 n 



n > 17.25, so 



21. (a) f(x) = sin(x + 1) =>■ f'(x) = cos (x + 1) => f"(x) = — sin (x + 1) =^> M=l. Then Ax = | => |E X | < f (|)"(1) 
= < 10' 4 =>■ n 2 > 8 ^ =£> n > \! > => n > 81.6, so let n = 82 

(b) f( 3) (x) = -cos(x+ 1) => fO)(x) = sin(x+ 1) => M = 1. Then Ax = \ =► |E S | < ^ (=) 4 (1) = ^ < 10~ 4 
=> n 4 > 32 (gQ - => n > y ^ff =>■ n > 6.49, so let n = 8 (n must be even) 



22. (a) f(x) = cos(x + n) =$■ f'(x) = — sin(x + 7r) => f"(x) = — cos(x + n) => M = 1. Then Ax = | 

=> |E t | < f (^) 2 (1) = ysf < 10 4 n 2 > 8 ^p° 1 =^> n > y ^f ^ => n > 81.6, so let 11 = 82 
(b) f^ 3) (x) = sin(x + 7r) => f (4) (x) = cos (x + n) => M = 1. Then Ax = \ => |E S | < ^ (k) 4 (D = il? < 10 ~ 4 
=$■ n 4 > — j ^ - => n > y I 3 ~'( 8 1 q 1 => n > 6.49, so let n = 8 (n must be even) 



23. f(6.0 + 2(8.2) + 2(9.1). . . + 2(12.7) + 13.0)(30) = 15,990 ft 3 . 



24. Use the conversion 30 mph = 44 fps (ft per 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: \ (58.67 + 73.33)(1.3) = 85.8 ft. The 
total distance traveled by the Ford Mustang 
Cobra is the sum of all these eleven trapezoids 
(using f and the table below): 



V 



(fps) 




v (mph) 


0 


30 


40 


50 


60 


70 


80 


90 


100 


110 


120 


130 


v (fps) 


0 


44 


58.67 


73.33 


88 


102.67 


117.33 


132 


146.67 


161.33 


176 


190.67 


t (sec) 


0 


2.2 


3.2 


4.5 


5.9 


7.8 


10.2 


12.7 


16 


20.6 


26.2 


37.1 


At/2 


0 


1.1 


0.5 


0.65 


0.7 


0.95 


1.2 


1.25 


1.65 


2.3 


2.8 


5.45 
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s = (44)( 1.1) + (102.67X0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1 .25) 
+ (278.67X1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft « 0.9785 mi 

25. Using Simpson's Rule, Ax =1 => ^ | ; 

m Yi = 33.6 => Cross Section Area « | (33.6) 

= 1 1.2 ft 2 . Let x be the length of the tank. Then the 
Volume V = (Cross Sectional Area)x = 11. 2x. 

Now 5000 lb of gasoline at 42 lb/ft 3 
=> V = 5000 = 119.05 ft 3 
=+ 119.05 = 11. 2x => x « 10.63 ft 



26. f[ 0.019 + 2(0.020) +2(0.021) + ... + 2(0.031) + 0.035 ] 

27. (a) |E S | < ^ (Ax 4 ) M; n = 4 => Ax = = f ; |f( 4 >| <1 =+ M = 1 =+ |E S | < (f ) 4 (1) w 0.00021 

(b) Ax=| =* f = £; 

£ mf( Xi ) = 10.47208705 
=+ S = fj (10.47208705) « 1.37079 



(c) « x 100 « 0.015% 

28. (a) Ax=^ = i T ^=0.1^erf(l) = -^(2T)(y 0 + 4y 1 +2y 2 +4y 3 + ...+4y 9 +y 10 ) 

3 ^(e° + 4e” 0 01 + 2e~ 004 + 4e-° 09 + . . . + 4e~ a81 + e" 1 ) « 0.843 
(b) |E S | < ^>(0.1) 4 (12)«6.7x 10- 6 

29. T = ^(y 0 + 2yi + 2y 2 + 2y 3 + . . . + 2y n _i + y n ) where Ax = and f is continuous on [a, b]. So 

T b — a (yo + yi + yi + y2 + y2 + • • • + y n -i + yn-i + y n ) b — a ( f(xp) + f( x i) i f(xi) + f(x2) ■ . f(x n -i) + f(x n ) \ 

i— n 2 — n y 2 ^ 2 ~T • • - 2 J- 

Since f is continuous on each interval [xk_i, x k ], and f Vk-i) + f ( x k) j s a j wa y S between f(x k _i) and f(x k ), there is a point c k in 
[x k _i, x k ] with f(ck) = j s a consequence of the Intermediate Value Theorem. Thus our sum is 

n n 

Y2 (^)f(ck) which has the form J] Ax k f(c k ) with Ax k = for all k. This is a Riemann Sum for f on [a, b]. 

k— 1 k— 1 





Xi 


f(Xi) 


m 


mf(xn) 


Xo 


0 


1 


i 


1 


Xi 


tt/8 


0.974495358 


4 


3.897981432 


X 2 


7t/4 


0.900316316 


2 


1.800632632 


X 3 


3tt/8 


0.784213303 


4 


3.136853212 


x 4 


7t/2 


0.636619772 


1 


0.636619772 





Xi 


Yi 


m 


myi 


x 0 


0 


1.5 


i 


1.5 


Xl 


1 


1.6 


4 


6.4 


X 2 


2 


1.8 


2 


3.6 


X 3 


3 


1.9 


4 


7.6 


X 4 


4 


2.0 


2 


4.0 


X5 


5 


2.1 


4 


8.4 


x G 


6 


2.1 


1 


2.1 



= 4.2 L 



30. S = 4^ (yo + 4yi + 2y 2 + 4y 3 + . . . + 2y n _ 2 + 4y n _i + y n ) where n is even. Ax = and f is continuous on [a, b]. So 

c _ b - a ( yo + 4yi + y 2 , y 2 + 4y 3 + y 4 , y4 + 4y 5 + y 6 , , y n -2 + 4y„-i +y a 3 

a n V 3 + 3 + 3 3 ) 

_ b-a /f(xo) + 4f(xi) + f(x 2 ) , f(x 2 ) + 4f(x 3 )+f(x 4 ) , f(x 4 ) + 4f(x 5 ) + f(x 6 ) , , f(x„_ 2 ) +4f(x„_i) + f(x„) ) 

— | ^ 6 + 6 + 6 6 j 

f(x 2 k) + 4f(x 2 k+i) + f(x 2 k+ 2 ) j s avera g e 0 f (be six values of the continuous function on the interval [x 2k , x 2 k+ 2 ], so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 
maximum and minimum in this interval, so there are x a and Xb with x 2k < x a , Xb < x 2k + 2 and 
f(x a ) < f(x2t ) + 4f(x 2 k+i) + f(x 2 k+ 2 ) <- f( Xb ^ By the Intermediate Value Theorem, there is c k in |x 2k , x 2 k +2 ] with 

f(c k ) = f ^ X2k ^ + 4f ( x 2 k+i ) + f(x 2 k+ 2 ) . g 0 our sum bas the form Ax k f(ck) with Ax k = a Riemann sum for f on [a, b]. 
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31. (a) a = 1 , e = | = 7 - Length = 4 \J 1 — | cos 2 1 dt 
= 2 J o \J \ — cos 2 1 dt — f 0 f(t) dt; use the 
Trapezoid Rule with n = 10 => At = = ^ 2 | 0 ° 

x/2 , 10 

V4 - cos 2 1 dt « £ mf(x n ) = 37.3686183 

J n=0 

=> T = f (37.3686183) = ^ (37.3686183) 

= 2.934924419 =7 Length = 2(2.934924419) 

« 5.870 

(b) |f"(t)| <1 => M = 1 

=> | Er| < ^ (At 2 M) < (^) 2 1 < 0.0032 





Xi 


f(Xi) 


m 


mf(xj) 


Xo 


0 


1.732050808 


i 


1.732050808 


Xl 


tt/20 


1.739100843 


2 


3.478201686 


X 2 


7T/10 


1.759400893 


2 


3.518801786 


X 3 


3tt/20 


1.790560631 


2 


3.581121262 


x 4 


ir/5 


1.82906848 


1 


3.658136959 


X5 


7r/4 


1.870828693 


1 


3.741657387 


x G 


3tt/10 


1.911676881 


2 


3.823353762 


X7 


7tt/20 


1.947791731 


2 


3.895583461 


x 8 


2tt/5 


1.975982919 


2 


3.951965839 


X 9 


9tt/20 


1.993872679 


2 


3.987745357 


Xio 


7t/2 


2 


1 


2 



32. Ax=^ = |=»^ = ^;X; mf( Xi ) = 29.184807792 
=> S = (29. 18480779) « 3.82028 





Xi 


f(Xi) 


m 


mf(x.) 


x 0 


0 


1.414213562 


i 


1.414213562 


Xl 


7t/8 


1.361452677 


4 


5.445810706 


X2 


7t/4 


1.224744871 


2 


2.449489743 


X 3 


3tt/8 


1.070722471 


4 


4.282889883 


X 4 


7t/2 


1 


2 


2 


X5 


5tt/8 


1.070722471 


4 


4.282889883 


X G 


3tt/4 


1.224744871 


2 


2.449489743 


X7 


7tt/8 


1.361452677 


4 


5.445810706 


x 8 


7 r 


1.414213562 


1 


1.414213562 



33. The length of the curve y = sin (|g x) from 0 to 20 is: l = r f+W s = s «* (i x ) =»■ (i) 
= cos 2 (!! x) => L = J o 1 + cos2 (i§ x ) dx. Using numerical integration we find L w 21.07 in 



34. First, we'll find the length of the cosine curve: L 




25tt 

50 



sin(i) 



=> ^ sin 2 (f§) => L = J 25 \J 1 + x s * n2 (1) dx. Using a numerical integrator we find 

L « 73.1848 ft. Surface area is: A = length • width « (73.1848X300) = 21,955.44 ft. 

Cost = 1.75A = (1.75)(21, 955.44) = $38,422.02. Answers may vary slightly, depending on the numerical 
integration used. 



35. y = sin x => ^ = cos x => =cos 2 x => S = f g 27r(sin x) y/ 1 + cos 2 x dx; a numerical integration gives 

S « 14.4 

36. y=x = ^37 = l => (af ) = (f =7 S = J' t) 2n 1 + j- dx; a numerical integration gives S « 5.28 

37. A calculator or computer numerical integrator yields sin -1 0.6 « 0.643501 109. 

38. A calculator or computer numerical integrator yields n « 3.1415929. 
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8.7 IMPROPER INTEGRALS 



1. f . = lim f 2 d l i = lim [tan 1 x[„= lim (tan 1 b — tan 1 0) = % — 0 = 

Jo x 2 + 1 b-,00 Jo x' + l b — » oo Jo b^oo V ’ 2 

jot = lim f b j&= lim [-1000x- 0001 ]i= lim (^ + 1000) = 1000 

x b ^ oo J 1 x b — > oo b — > oo v 0 ' 

f x -1 / 2 dx = lim [2x 1/2 h = lim (2 — 

Jb b^o + 1 Jb b^o + V 



/ *« 

, 

3. £ 



= lim 

V x b — > 0 + 



2 v b I —2 — 0 = 2 



4 ■ £?f+ = b li . m 4- X‘ (4 - x r 1/2<lx = b 1 i m 4- [-2v^b-(-2v5 

5 - £ * = £ * + £ * = „ sv + ,/s ] l, + „ 5”. [ 3x ‘ ,3 l ! 



=0+4=4 



= b lim [3b 1 / 3 - 3(— I) 1 / 3 ] + lim [3a) 1 / 3 - 3c 1 / 3 ] = (0 + 3) + (3 - 0) = 6 



c => 0 + 



6 - £.+ = £.++£+ = b !™ 0 - [l xl, +.+ r i i [l xl, £ 



c — > 0 + 



= b Um_ [§ b 2 / 3 — | (— 8) 2 / 3 ] + ^ lim + [| (1) 2/3 - | c 2 / 3 ] = [0 - | (4)] + (| - 0) = - 



• 0 + 



7. f dx = lim [sin 1 x[ [ = lim (sin 1 b — sin 1 0) = 5 — 0 = 5 

Jo Vi-x 2 b->l~ 0 b — > l~ 222 

8. £ JjjL = lim + [lOOOr 0 001 ] 1 = ^ lim + ( 1000 - 1000b° 001 ) = 1000 - 0 = 1000 

9 . f 2 ^r = f -^r - f '“XT = lim [ln[x-l|[: 2 - lim [ln|x+l|] h 2 = lim [ln|^||] 

J-ooX 2 -l J-30 X - 1 J-coX+l h^-no l I IJb h -3 -no L ' Ub h — > —00 1 Ix+lIJ 



b- 
b+ 1 



£ 



b — > —00 

= In 3 - In 1 = In 3 



10 . 



= lim (in | — y | — In | 1 ) = In 3 — In ( lim 

b — * — 00 ' '- 11 lb + l |; \b — > — c 

f 2dx = lim [tan' 1 |] * = lim (tan' 1 1 — tan' 1 =)=? — (— 5) = ^ 

J —00 x 2 + 4 h^-00 L 2jb h-^-nn x 2 ' 4 V 2 ) 4 



11- f"^= b tim o [21n|^|]^= h lim^ (2 In | | - 2 In | 1) = 2 ln(l) - 2 In (I) = 0 + 2 In 2 = In 4 



b — > 00 



12. £ ^= b |im o [Inlhrilj^^lm^ (in | f( ^ l n I f+r I ) =ln(l)-lnQ) = 0 + In 3 = In 3 



2 b — >00 



10 r 2x dx f° 2x dx 1 f 

J oo (x 2 + l) 2 “ j- oo (x 2 + l) 2 + Jo 



2x dx 



U = X 2 + 1 

du = 2x dx 



r‘du , r du 
J 00 u 2 + Ji u 2 



(x 2 + l ) 2 J-cx,(x 2 + l ) 2 1 Jo (x 2 + l) 2 ’ 

= b 1 i m oo (- 1 + 5) + c 1 i m oo [— c — (—1)] ~ (—1 + 0) + (0 + 1) = 0 



9? = lim - i ‘ + lim - ± 

5^00 L uJb C ^ OO L uJi 



= lim 





P 0 x dx 


poo 

_ 1 _ I 


w - J 


-00 (x 2 + 4) 3/2 


Jo 


^b 


4 

+ lim 

b c 0 ° 


1 

cb 



t dx 



T372 



= lim 

b — » 00 



u = x 2 + 4 
du = 2x dx 



f 4 du 1 r du 

Joe 2^ + J 4 2^72 



(~l + 7b) +c 1 i m oo (“ 7? + 5 ) - (~ \ +0 ) + ( 0+ \) 



= 0 
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15. f ‘ / + 1 d 6>; 

Jo V e 2 + 29 



du 



= V^ 



u = r + 

2(6 + 1) d# 



Jo 2^ 



b) = a/3 - 0 



11111 

b -> 0+ 

= lim 

b -> 0+ 



lim ^2 



16 - foVT^ ds = 5 fo^? + 

lim />+ lim P 

"f Jb 2-y/U r ; 2 _ J 0 



/ 2 

Jo 



* 2 ds 

'o JV- s' 

ds 

0 \f\~- 



p 0 

1 / du 

2 J4 ^/u 



u = 4 - s 2 
du = —2s ds 

lim l\/u| 4 + lim [sin -1 § 
b _> 0+ 1 v J b c -> 2- 1 2 

’ - 0) + ( | — o) 



\A c 

1 s 



lim f 

2 ~ J o 



ds 

0 a/ 4 - s 2 



0 



- 1 § - sin” 1 0) = (2 



4 + 7T 
2 



r°° dx 


u = 


. f ” 2 du 


Jo (1 + x)y/x ’ 


1 

O- 

c 

II 


Jo u 2 + 1 



+ lim (sin 1 § 

c -> 2- v 2 

r^= lim f4xr = lim [2 tan -1 ul 
Jo u 2 + l b — > oo do + ’ h_.™ L J 



= b lim (2 tan 1 b — 2 tan 1 0) = 2 (| ) — 2(0) = tt 



18 



r dx = r 2 dx , r 

J t xC x 2 — 1 jl xy/ x 2 — 1 * 1 2 



^ = Hm fb 

b — 1+ 



dx 



b — > oo 



lim 



/; 



dx 



a/x 2 — 1 J1 x\/ x 2 — 1 J2 xa/ x 2 — 1 b — > 1 + ^ b xa/x 2 — 1 C — » OO J 2 xy/ x 2 — 1 

= lim [sec -1 IxIC + lim [sec -1 |x|l° = lim (sec -1 2 — sec -1 b) + lim (sec -1 c — sec -1 2) 

k >1+ L iub q — »00 L ||J2 l . i+ v ' c. — 7 

= (f -°) + (1 - f) = I 



p oc 

19. 

Jo 



dv 



(1 + v 2 ) (1 + tan -1 v) b 



r^r = lim [In 1 1 + tan 1 v|] b = lim [In 1 1 + tan 1 b|] — In 1 1 + tan 1 0| 



b — > oo 



= ln(l + f) — ln(l + 0) = In (l + |) 



poc 

>■ X 



20. I 16 . t ! n X, x dx - lim 

1 + x b — > oo L 



8 (tan 1 x/ 



= lim 

o b-too L 



8 (tan -1 b) 2 - 8 (tan -1 O) 2 = 8 (f f - 8(0) = 2tt 2 



21 . 



f 9e e dO = lim \9e e — e 61 ] ° = (0 • e° — e°) — lim [be b — e b l = — 1— lim (— 

j- OO L Jb ^ 1 J 1 e ~ b ’ 



= — 1 — lim (z^tf) (l'Hopital's rule for — form) 

b — Y —oo v e 00 

= -1 -o = -1 



r»oo pb 

22. I 2e -s sin 6 AO — lim | 2e~ e sin 8 AO 

Jo b — > rxy J 0 



= lim 2 

b — > oo 



b — > oo 

y4j (— sin 0 — cos 0) 



(FORMULA 107 with a = -1, b = 1) 





= lim - 2(sinb + cos b) 

b -> oo 2e 


+ 


2(sin 0 + cos 
2e° 


0) _ 


0 + 2(0 + 11 = 1 






r° 


pO 












23. 


/ e - |x| dx = 


J e x dx = 


lim 


[e x ]° 


= lim (1- 


n 

II 

o 

II 






x/ — OO 




b — > — oo 




b — » — oo 


24. 


f°° 2 

( 2xe x dx 


= f 2xe -x 


poo 

dx + 1 2xe 


x2 dx = lim 


[-e x ’] b + lim [— ( 




O — oc 


J — oo 




JO 




b — » — oo 


L J b c — > OO 1 




= lim [- 

b — > —oo 


1 - (-e- 


b2 ): 


I + lim 

1 c — > OO 


[-e _ 


-° 2 -(-D] = (- 


l-0) + (0+l) = 0 


25. 


f x In x dx = 


= lim 




lnx— 4 


1 


(ilnl-i)- 


lim ( % In b - 


Jo 


b -> 0 + 


2 


4 


b 


x 2 4> b 


i -» o + V 2 4 J 



lim F±+0 

’^ 0+ b i 



JIL- 



b^f^)" 4-' b — + (4 



= -|+lim (x)=-j+0 = -g 
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26 . f (— In x) dx = lim [x — x In xl 1 = [1 — 1 In 11 — lim [b — b In bl = 1 — 0 + lim = 1 + lim 

Jo b^0+ 1 Jb 1 J b^0+ 1 J b^0+ (£) b-^0+ (-£) 



= 1 - lim b = 1 - 0 = 1 

b -> 0 + 



27 . [ 2 -M^= lim [sin- 1 | 1 b = lim (sin- 1 - sin- 1 0 = £ - 0 = £ 

Jo y/ 4 — s 2 b 2 _ L ^ Jo b— >2“^ ^ 2 2 

28 . J g -^== | = lim [2 sin -1 (r 2 )] ^ = lim [2 sin' 1 (b 2 )] — 2 sin -1 0 = 2 • | — 0 = 



29 - f,‘ 



ds 



= lim [sec 1 si ' = sec 1 2 — lim sec 1 b = ? — 0 = 
Jb b^l+ 3 



/ „ — 11111 

sy/s 2 - 1 b — » 1 + 

30 - L icfc = sec ^ 1 IK = h iim 7+ [(5 sec_ 1 1 ) - s sec_1 (i)] = Hi) - 1 • ° = 



31. f *L = lim f-^ + lim f -^ = lim [-2v/=xl lim [2+^T 
•i-i/H b — tr c ^o + Jc V s b — » cr 1 v J c ^o + L v Jc 

= lim (— 2 V /Z b) - (— 2^/— (— 1)) + 2 ^/ 4 - lim 2 ^c = 0 + 2 + 2 • 2 - 0 = 6 
V / c — * 0+ 



b + (T 



3 ? f' <b = f 1 _dx , f' 

Jo vTT^Tl Jo x/n+L T J 1 



dx 



= lim 

b — > n 



-2y/T- 



I + lim + I 
-I 0 c — > 1 + L 



2\J x — 1 



= lim 

b 



im p~ 2 \J 1— b^ - (-2^1 - 0) + 2^2 - 1 - lim (2^0 - l) 



= 0 + 2 + 2 — 0 = 4 



23 - f a ! 1 sfl 1 s = lim [in I fc!r^ II = lim [l 

J-l 6M+59 + 6 b = 0O L l0 + 3U -l L 



I b + 2 I 



1-1 + 2 1 



btoo L- n ImU - ln 1-1 + 31 



= 0 — In (J) = In 2 



34 . / 0 (x+1) d ( x x . + 1) = hlm^ [5 In |x + 1 1 — i In (x 2 + 1) + i tan 1 x] ‘ = ^nn^ [l In (^=) + \ tan 1 x 



b 

J 0 



= lim 

b — > 00 L 



I ln J| + 1 tan 1 0 



= | In 1 + | - | - | In 1 - i - 0 = f 



J ln (^+Jr) + 5 tan-‘b 

r /2 

35 . I tan 9 dO = lim [— ln |cos 0 |] o = lim [ — ln |cos b|] + ln 1 = lim [— ln |cos b ] = + 00, the integral diverges 

^ 0 h — » 5 h — > 5 h — » 5 



nn/2 . 

36 . J o cot 9 dd = lim [ln |sin J|]' /2 = ln 1 — lim [ln | sin b | ] = — lim [I11 1 sin b|] = + 00, the integral diverges 



b -► 0+ 



b -> 0+ 



sin x dx / sin x dx 



37 - 

X S 'V dx converges by the Direct Comparison Test. 



b — > 0+ 



Since 0 < ^ <+fe for all 0 < x < 7T and P d , x converges, then 

t/ 0 a/x i/x y x J 0 Y x 



3s - n 



72 

cos fl d 6 . 

— 7 t /2 (tt — 20) ! / 3 ’ 



x = n — 29 

n 7T X 

^ — 2 2 



f° -cos(f-f) dx _ P 2 ” sin's 
J 2tt 2X 1 / 3 J 0 



( 2 ) n ^ sin 2 ^ 1 



d6» = dx 

X ^73 converges, then X converges by the Direct Comparison Test. 



2^73 — • Since 0 < < ^73 f° r 0 < x < 27 r and 



2 J 

^27T _• X „ 



pin 2 pl/ln 2 o _ v , pc>o 

39 . I x- 2 e- 1/x dx; [f = yl — + / y e y = / e- y dy = lim [— e- y ] ... , = lim [— e- b ] 
Jo ’Lx + -y 2 J 1/I1.2 2 b — > cx> Jl + 2 b -3 00 J 

= 0 + e- 1/ln2 = e -1 / 1 " 2 , so the integral converges. 



_ e ‘/ta 2 ] 
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40. J o c £ dx; [y = a/x] —* 2 J" g e y dy = 2 — so the integral converges. 

41. - • Since for 0 < t < 7 r, 0 < ( and converges, then the original integral converges as well by 

the Direct Comparison Test. 



42. f . dt . . ; let f(t) = t 1 . . and g(t) = A , then lim y = lim , t3 . , = lim , 3t2 . = lim -Q- 

J o t — sin t ’ v ' t — sin t ov / t J ’ t — > 0 S(0 t— >0 t — sint t— >0 ^ ~ cos 1 t — » 0 sin 1 

= lim -y = 6 . Now, f § = lim [— il 1 = — 1 — lim \— Jvl = +oo, which diverges => f , dt . , diverges 

t _» n cost Jo r I, , n + L 2t'Jb 2 , . n+ L 2b 2 J ’ b Jo t- Sint b 



lim 7 6 . Now, I 7 T lim I TITO I ,, 1X111 I • STT I Ttv, W111V11 UlVLlULa — l' I 7 7 7 uivb 

t _> 0 cost Jo r (j Q+ L 2t i J b 2 |j^j+ l 2b'J ’ b Jo t- Sint 

by the Limit Comparison Test. 

43. ( = f T ^-2 + f t ^-2 and I yy = lim [ ^ In I -M 1 - 5 II ^ = lim In I II — 0 = oo, which 

JO 1 — x 2 Jo l-x^ Ji l-x^ Jo 1-r |3 ^ L2 11-xlJo L2 11-blJ 

diverges =>■ f diverges as well. 

44. £ , d _ x x = £ , d 7 x + £ and £ & = b lim [- In (1 - x)] b = Hm_ [- In (1 - b)] - 0 = oo, which diverges 

=>■ diverges as well. 

45. J' ^n | x | dx = /> (— x) dx + In x dx; £ In x dx = lim [x In x — x] * = [1 • 0 — 1 ] — lim |b In b — b] 

= — 1 — 0 = — 1 ; J* ln(— x) dx = — 1 => J* In |x| dx = —2 converges. 



46. /j-xln |x| ) dx = £ [— x In (— x)] dx + f g (-x In x) 



dx = lim Ur 



LZ b ^ Q+ |_Z 4j LZ 

converges (see Exercise 25 for the limit calculations). 



b ^ 0+ 

= [I In 1 — |] — b lim y In b — y — [\ In 1 — X-] + lim y In c — y =-|-0+|+0 = 0=»the integral 



^ In X — y] * — lim [y In X — y] * 

Z 4 , Z 4 

J b C — > IV Jc 



«■ X 
4S - X 



rrr : o < rtr i ? for 1 i x < 00 and X 



y converges => J' jy— converges by the Direct Comparison Test. 



f , dx , ; lim 7 1 x 1 = lim £ — lim 1 t = yy = 1 and f y = lim [ 2 -i/xl b = oo, 

J 4 yx-1 x — >00 (^y) x — 1 00 yx-1 x — > oo l — t- 1-0 J 4 yx ^ ^ L V Jz 

which diverges => T 7 TT diverges by the Limit Comparison Test. 



49. £ 



; lim = i im n/L = lim -4— = -4^ = 1 and P -S- = lim Ux/vl b = 00 , 

v — > 00 v — x 00 y v -i v — > cx> /1 _ I yt-o J2 yv b ^ 00 L v j2 



J / , 11111 / , \ — lull / — 11111 / — / 

2 y v — 1 v — * 00 v — » cxD Y v - 1 v > 00 yi-l V 1 -0 

r°° H 

which diverges => J 2 1 diverges by the Limit Comparison Test. 



poo poo p o 

50. J o 0 < ^ < i for 0 < 9 < 00 and J q c , = ^hn^ [-e e ] 0 = (-e- b + 1) = 1 =► J 0 

poo 

=> I , 7 ,,, converges by the Direct Comparison Test. 



converges 



dx 


r dx , r 


dx 


< f 


\/x 6 + 1 


Jo 7x 6 + l 1 J 1 v 


/x 6 + l 


Jo 


lim (- 

? — > 00 v 


J- 4 . 1) - 1 
2b 2 ' 2 / 2 ^ 


poo 

JO y, 


dx 

/x 6 + l 



Sand/. §= lim [- 4.1 b 



x 3 — J, *»- b TSoL 2 yj, 
converges by the Direct Comparison Test. 
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52 - L 



dx 



= ; lim 



' i i 
x Vx 2 - 1 ) 



— lim 



p»oc 

i -H== = lim = - dx — lim [lnbl 

OO \/x2-l X^OO T\ _ ^ ’J 2 X b — x oo J - 



2 \/x 2 - 1 ’ X 'Toe ( I 

r°° d 

which diverges => J 2 ^ i diverges by the Limit Comparison Test. 



= oo, 



53. PljPdx; lim = lim -pL = lim -J— = 1; f°°P dx = f“ 

J 1 X X — > OO ( y/x+j ^ X — > OO y X + 1 X — > 00 i j 1 + I J 1 X J 1 



dx 

x 3/2 



= lim [— 2x X / 2 1 b = lim (— 2 + 2^ —2 => f ^ x 2 + 1 dx converges by die Limit Comparison Test, 

b — » oo L J1 b — » oo Vvb / Ji x 



54 - X 



x dx 



r - — ; lim 

2 \/x 4 - 1 X — > 00 






T- = lim 



x v W 



X — = lim -7 

x * 00 x/x 4 ”! X — > 00 / 



J »oo r»oo 

*M= v = lim [In x] 2 = ex), 

2 Vx* J 2 X b -> OO 1 12 



roc 

which diverges => y° x ^ diverges by the Limit Comparison Test. 



X OO f* o; 

dx; 0 < 1 < for x > 7T and 

X XX J 7T 



dx 



= lim [In x] b = 00, which diverges 

b — » 00 x 



r 



2 + cos x 



dx diverges by the Direct Comparison Test. 



56 ' f 



1 + sin x 



II 



dx; 0 < < 4 for x > 7T and f” 4 dx = lim [- 4 b = lim (- ? + |) = 

XX Jtt X b — >00 L xj7r b — > 00 v D 7r/ 



2 dx 



converges 



r 



1 + sin x 



dx converges by the Direct Comparison Test. 



57. 



J »oo „ , 

4 ptftt;, 11 



lim 

00 



PP = 1 and J4 



IIw= b Ito, [-4.-'^] : = „ + 2) = 2 =► X 



4 |f converges 



J t 4 7 | converges by the Limit Comparison Test. 



58. J 2 ^ ; 0 < ^ ^ for x > 2 and J 2 ^ diverges => J 2 ^ diverges by the Direct Comparison Test. 

/ .o° poo r oo 

— dx; 0 < - < - for x > 1 and I — diverges => I diverges by the Direct Comparison Test. 

[X XX J 1 X J i x 

noo /* oo noo ^ 

60. I In (In x) dx; [x = e y ] — » I (In y) e y dy; 0 < In y < (In y) e y for y > e and I In y dy = lim [y In y — yl = oo, 

Je' *2 e b^oo 

poo p»oo 

which diverges => J In e y dy diverges => J In (In x) dx diverges by the Direct Comparison Test. 



61. I — ; lim ? = lim — — = lim — ^ — 

Jl y'e x -x x— >00 x — > oo - v /e x -x x — > oo yp _ A 

= lim [-2e- x/2 ] b = lim (-2e- b/2 + 2e- 1/2 ) = f- P 
b — x 00 L Jl b -x 00 V > -Ji J 1 



62. 



4 = lim [— e x ] b 

e b — * 00 Jl 



too b —> 00 

by the Limit Comparison Test. 

f dx . ]• (fa) _ 1 : e* _ 1 : 1 

" J 1 e* — 2 X ’ x UPoo (i) x™oo e^-xhPoo i_(|Y 

/ .o° p»oo 

converges converges by the Limit Comparison Test. 

1 C J 1 6 Z 

r - < r , dx 1 p 

Jl \/x 4 + l Jo y / x i + 1 Jl 



= lim (— e 

b — r 00 



A = 1 and f, 



«■ I 



dx 



r»oo p»oo r»l 

= 2 I dx • / dx _ | 

“ Jo x/x 4 + 1 ’ Jo x/x 4 + l Jo 



: C-X 4 + . - - v ^ 

f ’ 4 = lim [-i] b = lim 
Ji x b — > 00 ^ xJl b^oo 



dx 



\/x 4 + 1 J 1 \/x 4 + 1 



4 and 



v* Tl V 'J V a* 1 «-» 1 

(— f + l) = 1 => J ^ 4 X + = converges by the Direct Comparison Test. 
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64. 



X 



dx 



J »cx 

0 rtc ~ 

Direct Comparison Test. 



dx 

-oo e x + e- 



o < 



< 



for x > 0 



;f 



dx 



converges 



x 



dx 

0 e* + e - 



converges by the 



65 - ( a ) r^;[ t = lnx ] 



r ln2 

X ?=„+ 



o+ L^p +1 



t i- p 



= lim + i (i n 9) 1 

h^o+ P_1 1_p 



«» X 



the integral converges for p < 1 and diverges for p > 1 



dx 



2 x(inx)p 9 [t = In x ] — > J 2 ^ and this integral is essentially the same as in Exercise 65(a): it converges 
for p > 1 and diverges for p < 1 



X oo , poo 

( = b lim [In (x 2 + 1)] 0 = ^lim [In (b 2 + 1)] — 0 = ^lim In (b 2 -f 1) = oo =>- the integral J dx 

diverges. But lim f 7=^ = li m [In (x 2 + 1)] b = lim [In (b 2 + 1) — In (b 2 + 1)] = lim hifjr+ty) 

b — > oo J x+ 1 b— »oo b = oo b— >ooV D+1 / 

= lim (In 1) = 0 

b — > oo 




J »00 

xe~ x dx = lim [— xe~ x — e~ x L = lim (— be~ b — e~ b ) — (— 0 • e~° — e~°) =0+1 = 1; 

o b — ♦ OO J0 h = np V ' V ' 



b — > oo 



J »00 „ ntXI 

(e- x ) 2 dx = 1 I e- 2x dx = lim \ \ 

0 v ' 2 do b -> OO 2 L 



_ I p— 2x1 b 

2 e 






X 



69. V = / 27 rxe x dx = 27r / xe x dx = 2tt lim [— xe 

b — ► oo 



r 

Jo 



= 2tt 



lim (—be b — e b ) — 1 

lb — > oo 



= 2tt 



70. V = 



J »oc n poo . 

7r (e x ) 2 dx = 7r / e _2x dx = 7r lim [— f e~ 2x l = 7t lim (- i e~ 2b + i) = f 
0 V ' Jo b -» OO L 2 J ° h = nr> V 2 2/2 



b — ► 00 



X 7 t /2 

(sec x — tan x) dx = lim [In |sec x + tan x| — In |sec x|] b = lim (in 1 1 + | — In 1 1 + 0|) 



= lim In 1 1 + sin b| = In 2 

b->£“ 1 1 



l 

4 



X tt/ 2 p tt/ 2 px/2 p?r/2 

7T sec 2 x dx — J o 7r tan 2 x dx = 7r J g (sec 2 x — tan 2 x) dx = J g 7 r [sec 2 x — (sec 2 x — 1)] dx 



■/+ 



= 7r I dx = T 

/2 



/»7t/2 , r»7r/2 

(b) S outer = J o 27t sec x\/l + sec 2 x tan 2 x dx > J o 2n sec x(sec x tan x) dx = 7r lim [tan 2 x] 



lim [tan 2 b] — 0 



2 

tr/2 



= 7r lim (tan 2 b) = oo => S outer diverges; S ilmer = J 2n tan xj 1 + sec 4 x dx 



/; 

Smner diverges 



> J 2tt tan x sec - x dx = 7r lim [tan - x] 0 = 7r 

b 2 



lim [tan 2 b] — 0 



= 7T lim (tan 2 b) = oo 
^ = 2 
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J »oo , 

e~ 3x dx = lim | e~ 3x l = lim (— | e~ 3b ) — 1 e~ 3 ' 3 ) = 0 + l ■ e~ 9 = | e~ 9 

3 b — > oo 3 J3 b -MXj V 3 V 3 J 3 3 

noo 

« 0.000041 1 < 0.000042. Since e *’ < e for x > 3, then J e x ’ dx < 0.000042 and therefore 

r°° _ 2 r i _ 2 

J g e x dx can be replaced by J e x dx without introducing an error greater than 0.000042. 

(b) £ e-* 2 dx= 0.88621 

74. (a) V = Jj 7r(i) 2 dx = 7T b hm o [- 1 ] ) = tt [ b hm^ (- 1) -(-£)] = 7r(0+l) = 7r 

(b) When you take the limit to oo, you are no longer modeling the real world which is finite. The comparison 

step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold. 

75. (a) 



(b) > int((sin(t))/t, t=0.. infinity); (answer is |) 






77. (a) f(x) = ^ e ^ 

f is increasing on (— oo, 0]. f is decreasing on [0, oo). 
f has a local maximum at (0, f(0)) = ^0, 
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(b) Maple commands: 

>f: = exp(— x A 2/2)(sqrt(2*pi); 

>int(f, x = — 1..1); « 0.683 

>int(f, x = —2. .2); « 0.954 

>int(f, x = -3..3); « 0.997 

(c) Part (b) suggests that as n increases, the integral approaches 1. We can take f f(x) dx as close to 1 as we want by 

J »oo p—n 

f(x) dx and / f(x) dx as small as we want by choosing n large 

n d — oo 

enough. This is because 0 < f(x) < e~ x/2 for x > 1. (Likewise, 0 < f(x) < e x/2 for x < —1.) 

J »oo poo 

f(x) dx < e x/2 dx. 

n d n 

J »o° pC 

e _x/2 dx = lim I e~ x/2 dx = lim [ —2 e _x/2 ] c = lim [ —2 e~ c/2 + 2e _n/2 ] = 2e~ n/2 

n C — > 00 ’-' n c— MX) n C— MX) 

J »CXD 

f(x) dx is as small as we want. Likewise for large enough n, 

n 

f(x) dx is as small as we want. 

r*b pa pb poo poo p b 

78. (a) The statement is true since I f(x) dx = I f(x) dx + I f(x) dx, I f(x) dx = I f(x) dx — I f(x) dx 

d —oo d —oo d a d b d a d a 

and f f(x) dx exists since f(x) is integrable on every interval [a, b]. 

d a < ~ 

p a poo p a p b pb poo 

(b) fix) dx + / f(x) dx = f(x) dx + / f(x) dx - f(x) dx + f(x) dx 

d —oo da d —oo da da da 

X b pa poo pb poo 

f(x) dx + f(x) dx + f(x) dx = f(x) dx + f(x) dx 

-OO d b da d — oo d b 

79. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0..exp(l); 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=domain, y=-50..10, color=[red,blue,green, cyan, pink], linestyle=[ 1,3, 4,7, 9], thickness=[3,4,l,2,0], 
legend=|"p= -2","p = -l","p = 0",”p = l","p = 2"], title=”#79 (Section 8.7)" ); 
ql := Int( f(x,p), x=domain ); 
q2 := value( ql ); 

q3 := simplify! q2 ) assuming p>-l; 

q4 := simplify! q2 ) assuming p<-l; 

q5 := value( eval( ql, p=-l ) ); 

il := ql = piecewise! p<-l, q4, p=-l, q5, p>-l, q3 ); 

80. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 
domain := exp(l).. infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=exp(l)..10, y=0..100, color=|red,blue,green, cyan, pink], linestyle=[l,3,4,7,9], thickness=L3,4, 1,2,0], 
legend=|"p = -2","p = -l","p = 0","p = l","p = 2"], title="#80 (Section 8.7)" ); 
q6 := Int( f(x,p), x=domain ); 
q7 := value! q6 ); 

q8 := simplify! q7 ) assuming p>-l; 
q9 := simplify! q7 ) assuming p<-l; 
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qlO := value! eval( q6, p=-l ) ); 

i2 := q6 = piecewise( p<-l, q9, p=-l, qlO, p>-l, q8 ); 

81. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(x); 

domain := 0. .infinity; 

fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=0..10, y=-50..50, color=Lred,blue,green, cyan, pink], linestyle=[l,3,4,7,9], thickness=L3,4,l,2,0], 
legend=["p = -2","p = -l","p = 0","p = l","p = 2"], title="#81 (Section 8.7)" ); 
qll := Int( f(x,p), x=domain ): 
qll = lhs(il+i2); 

" = rhs(il+i2); 

" = piecewise( p<-l, q4+q9, p=-l, q5+ql0, p>-l, q3+q8 ); 

" = piecewise( p<-l, -infinity, p=-l, undefined, p>- 1 , infinity ); 

82. Example CAS commands: 

Maple : 

f := (x,p) -> x A p*ln(abs(x)); 
domain := -infinity. .infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green, cyan, pink], linestyle=[l,3,4,7,9], 
legend=|"p = -2","p = -l","p = 0","p = l","p = 2"], title="#82 (Section 8.7)" ); 
ql2 := Int( f(x,p), x=domain ); 
ql2p := Int( f(x,p), x=0..infinity ); 
ql2n := Int( f(x,p), x=-infinity..O ); 
ql2 = ql2p + ql2n; 

" = simplify! ql2p+ql2n ); 

79-82. Example CAS commands: 

Mathematica : (functions and domains may vary) 

Clear[x, f, p] 

f[x_]:= xP Log[Abs[x]] 

int = Integrate [f[x], {x, e, 100)] 

int /. p — * 2.5 

In order to plot the function, a value for p must be selected. 
p = 3; 

Plot[f[x], {x, 2.72, 10}] 

CHAPTER 8 PRACTICE EXERCISES 

1 . u = In (x + 1), du = ; dv = dx, v = x; 

fin (x + 1) dx = x In (x + 1) - f ^ dx = x In (x + 1) - f dx + f ^ = x In (x + 1) - x + In (x + 1) + Ci 

= (x + 1) ln(x + 1) — x + Ci = (x + 1) ln(x + 1) — (x + 1) + C, where C = Ci + 1 

2. u = In x, du = — ; dv = x 2 dx, v = I x 3 ; 

fx 2 In x dx = i x 3 In x - J* | x 3 (^) dx = y In x - f + C 
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3. u = tan 1 3x, du = l ^_ d 9 x x2 ; dv = dx, v = x; 

f tan -1 3x dx = x tan -1 3x — f , 3x ^ ^ — ^ — > x tan -1 3x — \ f ^ 

J J i +9x 2 [dy = 1 8x dx J 6 J y 

= x tan -1 (3x) - 3 In (1 + 9x 2 ) + C 



4. u = cos 1 (|) , du = , — : dv = dx, v = x; 



/cos 1 (f)dx = X cos 1(1) +/-*£-; / y= 4 _ 2x X dx - xcos 1 (|) - if 



= x cos 1 (f ) — V 4 — x 2 + C = x cos 1 (l) — 2C 1 — (|) 2 + C 



5. e x 

(X + l ) 2 — — — ♦ e x 

2(x + 1 ) — - — - — ► e x 

2 -iiUe x 

0 => f(x + l) 2 e x dx = [(x + l) 2 - 2(x + 1) + 2] e x + C 



6 . 




0 



sin ( 1 — x) 
cos (1 — x) 

— sin ( 1 — x) 

— cos (1 — x) 

=> 




sin (1 — x) dx 



x 2 cos (1 — x) + 2x sin (1 — x) — 2 cos (1 — x) + C 



7. u = cos 2x, du = —2 sin 2x dx; dv = e x dx, v = e x ; 

I = /e x cos 2x dx = e x cos 2x + 2 /e x sin 2x dx; 
u = sin 2x, du = 2 cos 2x dx; dv = e x dx, v = e x ; 

I = e x cos 2x + 2 e x sin 2x - 2 /e x cos 2x dx = e x cos 2x + 2e x sin 2x - 41 I = + 2eX f 2x + C 

8. u = sin 3x, du = 3 cos 3x dx; dv = e~ 2x dx, v = — | e~ 2x ; 

I = / e~ 2x sin 3x dx = — \ e~ 2x sin 3 x + | / e~ 2x cos 3x dx; 
u = cos 3x, du = —3 sin 3x dx; dv = e~ 2x dx, v = — 1 e~ 2x ; 

I = — 1 e~ 2x sin 3x + | — | e~ 2x cos 3 x — | / e~ 2x sin 3x dx = — 1 e~ 2x sin 3x — | e~ 2x cos 3x — 1 1 

=> I = (~ \ e ~ 2x sin 3x — | e~ 2x cos 3x) + C = — ^ e~ 2x sin 3x — ^ e~ 2x cos 3x + C 

9- /x^f+2=/^-/^=21n|x-2|-ln|x-l|+C 

10. = f /^P 3 - I /i^TT = | In |x + 3| - | In | X + 1| + C 

1L = f - ih + dx = ln|x|-ln|x+l| + I i T +C 

12 - /x^r,dx=/(^^^i)dx = 21n|^| + l+C = -21n|x| + l+21n|x-l|+C 
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i o / sin 6 d 9 

J cos 2 6 + cos 6 — 2 



; [cos 6 = y] -> f 



_ 1 f _d}L _i_ l f _d>L 1 i„ y+2 

y 2 + y — 2 3 J y - 1 3 ./ y • a 3 111 y-1 



= ^ln +C 



i In COS + 2 I /~i I In cos fl — 1 i 

— 3 111 cos 6 - 1 “r ^ — 3 111 cos 0 + 2 ^ 



14 - / 



cos 6 dd 

sin 2 6 + sin 6 — 6 



; [sin 6 — x] — *• J" 



dx 1 

x 2 + x — 6 — 5 



/ dx 1 / dx lil sin ^ — 21 i /-< 

x — 2 5 J x + 3 — 5 111 I sin 0 + 3 I ' 



15. J 3x2 x t^ x x +4 dx = f j dx — J dx = 4 In |x| — y ln (x 2 + 1) + 4 tan 1 x + C 
16- fg& = Ufi= 2tan- 1 (|)+C 

17 ‘ st = I / ( _ A + 81^2) + 8?^+^) dv = _ I ln M + B ln l V ~ 2 I + ^ ln |V + 2| + C 



J_ l n tv — 2 ) 5 (v + 2) , p 

— 16 m v c “T" 



1 o f (3v — 7) dv _ f (-2) dv , f dv , f dv _ i (v - 2)(v - 3) , r 

18 - J (v-l)(v-2)(v-3) _ J v — 1 "T J v-2 + Jv-3“ ln (v-1) 2 + L 

19 - fw+W+3 = l/p TT - I /?T3 = 5 tan_1 1 ~ ^75 tan_1 ( 75 ) + C = l tan_1 1 - IT tan_1 73 + C 

20- 1 ^ 2 = 11 ^ 2 - 1 / = I In |t 2 - 2| - 1 ln(t 2 + 1) + C 

21- /4^2 d x = /(x+i^)dx = /xdx+|/^ + f/ J f 5 = f + |ln|x + 2| + |ln|x-l|+C 



22- /S^ d x = /(l+^ d x=/[l + x ^] dx=fdx+f x ^-ff =x + In |x - t| - In |x| + C 



/ ?W3 dx = / ( x - ra+3 ) dx = /xdx+ § /^T - I f - I ln |x + 3| + § ln |x + 1| H- C 



24- / 2x3 t4^Y 24 d x = f [(2x - 3) + dx = / (2x - 3) dx + \ f 

= x 2 - 3x + | ln |x + 4| + i ln |x - 2| + C 



dx | 2 r dx 
x — 2 ' 3 J x + 4 



25. / 



u = a/x-M 

dx . (Ju _ dx 

x (3 7 X + ' ) ’ 2\/x + 1 

dx = 2u du 



= d In + C 

3 7 x + 1 + 1 



3 f (u^Tju = 3 f u^T — 5 f ~u + 7 — 5 l n l u ~ 1 1 ~'j In |u + 1| + C 



dx . J _ dx 

x(l+ 7) t )’ 00 - 3x 2 / 3 

dx = 3u 2 du 



= 3 / d^ = 3 i n » + C = 3 ln + C 

u J (l+u) J u(l+u) u+1 1 + , 3 /x 



'u = e s - 1 

27 f ds • du = e s ds 

J e s - 1 ’ 

ds = -4s-r 

L u + 1 



-J^T +/4f =lu lu^rl +c 



+ C = ln 1 1 -e- s |+C 
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2S - Ijr r- 



7 

= In 



u = ^/e 8 + 1 



du = /; ds , 

2ve s +l 

ds = 



y/e s + 1-1 

V / e i TT+ 1 



2u du 
u 2 - 1 

+ c 



[+++ = 2 f 

J u(u 2 - 1) J 



du 

(u + l)(u - 1) 



f^r- f = In +C 

J u — 1 J u + 1 u+1 



29 - <“> = 



(b) / 7^=2 ; [y = 4 sin x] -f 4 f sin ™ dx = -4 cos x + C = - + C = - + 16-y 2 + C 



30. (a) / 



x dx 



lf‘-j+ = v/ 4 +* 2 +c 



\/4 + X 2 2 J y/4~- 

(b) f J 4 d * x 2 ; [x = 2 tan y] -> / 2 tan \ y dy =2 Jsec y tan y dy = 2 sec y + C = +4 + x 2 + C 



4 — x 2 



31- (a) f^ = -\f 

(b) 5 A=5P ; [x = 2 sin 0 ] -» J 



d(4 ~ x2) = - 1 In |4-x 2 | +C 



2 sin 0-2 cos 6 dd 
4 cos 2 9 



= /tan 9 dO = - In |cos 0| + C = - In 



+ C 



= - 1 In |4-x 2 | +C 



31 <»> fvih = 1 1%^ = I V4f^r+c 

; [ t = Isec(9] -> = i/sec 2 0d0 



(W rr' 9 - 1 



tan 0 



+ c 



= + c 



33 It 



1 x dx . 


u = 


9 — x 2 


J 9 — x 2 ’ 


du = 


— 2x dx 


f dx 


_ l 


r ax , j_ 


J x (9 — x 2 ) 


9 t 


/ x + 18 


= 9 In |x 


I-& 


In 9 — x 



-iff =-|lnH*C = lnJ ; + C = ln 



yy 



+ c 



35 



•/ 



9 — x 2 — 6 



dX - 1 /A + 5 = - | In |3 -x| + i In |3 + x| +C = i In |^i|| +C 



36. 



37. 



/ 



dx 



yy 



x = 3 sin 6 
dx = 3 cos 6 dd 



J tcosf d# = /d# = 0 + C = sin -1 | + C 



J* sin 3 x cos 4 x dx = / cos 4 x(l — cos 2 x)sin x dx = / cos 4 x sin x dx — / cos 6 x sin x dx = ^^a _|_ ^a _|_ q 



38. /cos 5 x sin 5 x dx = /sin 5 x cos 4 x cos x dx = /sin 5 x (1 — sin 2 x)“cos x dx 
= / sin 5 x cos x dx — 2 / sin 7 x cos x dx + / 



sin 9 x cos x dx = ^7 — + C 



39. 


f tan 4 x sec 2 x dx = 


ta|x +c 






40. 


/ tan 'x sec’x dx = 


/ (sec 2 x — 1 


) sec 2 x • sec x • tan x dx = 


j " sec 4 x • sec x • tan x dx - j sec 2 x • sec x • tan x dx 



sec 5 x sec 3 x i p 

— 5 3 f ^ 
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41. J sin 50 cos 69 d9 = J (sin(— 9) + sin(110)) d 9 — sin(— 9) d 0 + | J* sin(110) A9 = 3cos(— 9) — /cos 110 + C 

= dcos 9 — /cos 1 10 + C 

42. j cos 30 cos 30 d0 = ,] J (cos 0 + cos 60) d0 = | J" d9 + \ J' cos 60 d0 = 3 0 + / sin 60 + C 

43. J 1 4- cosQ) dt=f 3 / 2 1 cos || dt = 4 a/ 2 | sin / + C 

44. J e l A/ tan 2 e ( + 1 dt = ^ | sec e l | e ( dt = ln| sec e l + tan e l | + C 

45. |E S | < AA (Ax) 4 M where Ax = /A = 2 ; f( x ) = 1 = x^ 1 => f'(x) = -x“ 2 => f"(x) = 2x~ 3 =4 f"(x) = -6x~ 4 

=> C 4 )(x) = 24x -5 which is decreasing on [1, 3] => maximum of C 4 /x) on [1, 3] is f^(l) = 24 => M = 24. Then 

|E S | < 0.0001 =* (^) (=) 4 ( 24) < 0.0001 =4 (|gj) (/) < 0.0001 =» / < (0.0001) (±g) ^ n 4 > 10,000® 
=> n > 14.37 =>• n > 16 (n must be even) 



46. | E x | < A_o (Ax) 2 M where Ax = AA = I ; o < f"(x) < 8 => M = 8. Then |E T | < 10 ~ 3 =4 / (i) 2 (8) ^ 1( A 3 
=> 3 A < 10 ^ 3 =4 > 1000 =4 n 2 > => n > 25.82 => n > 26 




=> n > 6.38 => n > 8 (n must be even) 



49. y av = 35^0 jr [37 sin (|§ (x - 101)) + 25] dx = [-37 (f cos ( |§ (x - 101)) + 25x)] J 65 

= 555 [(-37 (f ) cos [|§ (365 - 101)] + 25(365)) - (-37 (f ) cos [|§ (0 - 101)] + 25(0))] 

= - I cos (W 5 (264)) + 25 + | cos (^ (-101)) = - § (cos (|§ (264)) - cos (^ (-101))) + 25 
« - A (0.16705 - 0.16705) 4- 25 = 25° F 

50. av(C v ) = ^ £ 5 [8.27 + 10- 5 (26T - 1.87T 2 )] dT = /_ [ 8 . 27T + § T 2 - ^ T 3 ] 

« Aj [(5582.25 + 59.23125 - 1917.03194) - (165.4 + 0.052 - 0.04987)] « 5.434; 

8.27 + 10~ 5 (26T - 1.87T 2 ) = 5.434 => 1.87T 2 - 26T - 283.600 = 0 => T« 26+y676 + 4(L87)(283.600) _ 395450 c 
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51. (a) Each interval is 5 min = A hour. 

A [ 2.5 + 2(2.4) + 2(2.3) + . . . + 2(2.4) + 2.3 ] = f§ » 2.42 gal 
(b) (60 rnph) (t| hours/gal) « 24.83 mi/gal 



52. Using the Simpson's rule, Ax = 15 => ^ = 5; 

52 mf(Xi) = 1211.8 => Area « (121 1.8)(5) = 6059 ft 2 ; 
The cost is Area • ($2. 10/ft 2 ) w (6059 ft 2 ) ($2. 10/ft 2 ) 

= $12,723.90 => the job cannot be done for $1 1,000. 





Xi 


f(x,) 


m 


mf(Xi) 


Xo 


0 


0 


1 


0 


Xl 


15 


36 


4 


144 


X2 


30 


54 


2 


108 


X 3 


45 


51 


4 


204 


x 4 


60 


49.5 


2 


99 


X 5 


75 


54 


4 


216 


X G 


90 


64.4 


2 


128.8 


X 7 


105 


67.5 


4 


270 


X 8 


120 


42 


1 


42 



53 



• f 



dx 



= lim 



f , dx = lim (sin 1 (|)1 b = lim sin 1 (|) — sin 1 (|) = f — 0 = 

Jo \/9 - x 2 \3Jio b^-3 - '■3' 2 



— / — r 1 1 1 1 | — / — inn 

V 9 — x 2 b^3 - Jo \/9 — X 2 b^3~ 



54. f ‘ In x dx = lim [x In x - xli = (1 • In 1 - 1) - lim [b In b - bl = -1 - lim M = -1 - lim 

Jo h^n+ L Jb V > b^o + h_.n+ 111 h^n 



b A 0 + 

= -1 +0= -1 



mu / : \ — — i — uni 

b - 0+ (J) b -» 0+ 







2 • 3 lim [y 1 / 3 ] * = 6 ^1 — ^ lim^ b 1 / 3 ^ = 6 



poo 

I dd 


r 1 48 , 


f 2 48 , f 


J 2 C6» + I ) 3 / 5 


1-2 (0+1) 3 / 5 ^ . 


/-I (61+ I ) 3 / 5 ^ J 2 



*1™, j£w = 1 and X w diver s es =► X 



57 r 2du — r Ao f x *1 _ ij m [ i n 

3/ - Ji u 2 — 2u J 3 u — 2 J 3 u “b™00 L 



dfl 

( 9 + I) 3 / 5 

" 48 

-2 C0+ D 3/! 



u — 2 
u 



b 

3 



converges if each integral converges, but 
diverges 

= b 'm 0 [ln| b -^|]-ln|^|=0 — ln(I)=ln3 




b 



4 +U dv = X“ (7 + £ - 4 +l) d v = b hm oo [Inv - i - ln(4v- 1)] 

lim [in ( 4b b _ ! ) — 1] — (In 1 - 1 - In 3) = In i + 1 + In 3 = 1 + In | 



b 

1 



noc 

59. 

Jo 



x 2 e x dx = lim [— x 2 e x - 2xe x — 2e x ] 0 = lim (— b 2 e b — 2be b — 2e b ) — (—2) = 0 + 2 = 2 

b — > oo b — > oo 



/: 



60. / xe 3x dx = lim 

b — ► —oo 



~3x 1 ~3x"| 0 1 

9 e J b — 9 



lim (| 

— ^ ' -J 



b — > —oo 



„3b _ 1 „3b\ — _ 1 

e 9 C J — 9 U— 9 



61. 



XI 4+9 = 2 Xo^4+9 = 7 Xo^+I = 7 [| tan 1 (f )] 0 = I b+o [i tan 1 (t)] - 5 tan 1 (0) 

= I (I - I) “ 0 = I 



62 - XI +16= 2X0” +16 =2,1+^ [tan- 1 (|)]: = 2 ( b Um o [tan " 3 (|)] - tan - 1 ( 0 )) = 2 (f ) - 0 



63. lim , f = 1 and f A diverges =4> f 

ff^oo Vff 2 + 1 Jo fl 0 Jo 



dff 



6 \/# 2 + 1 



diverges 
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64. 1 = 



J »00 k poo ^ poo 

e~" cos u du = lim [— e~" cos ul„ — I e~" sin u du = 1 + lim [e~ u sin ul„ — I (e _u ) cos u 

0 1 J0 do L J0 do v ' 



du 



=> 1=1 + 0 — I +> 21 =1 =>■ 1=1 converges 



65. f — dz = f ' — dz + [— dz = 

J 1 z Jl Z Je Z 

=> diverges 



(Inz) 2 



+ lim 

1 b — >oo L 



(Inz) 2 



= (M 



+ lim 

b — > oo L 



On b ) 2 



= OO 



— t poo poo _ t 

66. 0 < ^ < e _t for t > 1 and e 1 dt converges => ^ converges 



67. 



X 



2d^ =2 f 

-oo e x + e x Jo 



0 < J 0 ^ converges 



X 



2 dx 
_oo e x + e- J 



converges 



68. /_ 



dx 



-oo X 2 ( 1 + e> 

lim 



X 



dx 



-oo X 2 (1 +e x ; 



f 0 dx , f 1 dx , f“ 

J_l x 2 (1 +e x ) ' Jo x 2 (l+e x )d^Jl 



dx 

x 2 (1 +e x ) ’ 



— = lim x (1 x X eX) = lim (1 + e x ) = 2 and £ ^ diverges 



11111 T T 11111 

=► IZw(T+^) diver g es 



Jo 



dx 



0 X 2 ( 1 + e x 



diverges 



69 



•X 



x dx . 

1 + \ fx. ’ 



u — Y x 

du = ^i 



S T+TT = / (2u 2 -2u + 2- du = § u 3 - u 2 + 2u - 2 In 1 1 + u| + C 



2x 3 / 2 



— x -J- 2>/x — 2 In (l -^/x^ H - C 



70. /t^dx = -/(x+^)dx=-/xdx-|/^-|/^ = -f-lln|x + 2|-lln|x-2|+C 



71. 



X 



dx . 

X (x 2 + l) 2 ’ 



x = tan 6 
dx = sec 2 9 d 9 



r sec 2 6 d 6 
J tan 6 sec 4 d 






= In |sin 0\ — \ sin 2 9 + C = In 



v+ 2 + i 



2 (xM+l) 



+ c 



72 - te = /xSw = srl(x+1)+c 

73. f 2 -cosx + sinx dx = f 2 esc 2 x d x f + f esc x dx = -2 cot x + J- - In Icsc x + cot x| + C 

J snr x J J sin^ x J sin x I I 

= —2 cot x + esc x — In |csc x + cot x| + C 



74. 


f si “ 2 » d<9 = f 1 - To 9 d(9 = f sec 2 0 d(9 f 

J cos 2 6 J cos^ 6 J J 


d 9 = tan 9 — 9 + C 


75. 


r 9 dv 1 f dv 1 1 r dv j 1 r dv 

J 81 -v 4 — 2 J v 2 + 9 ^ 12 J 3 — v ^ 12 J 3 + v 


= nln| 


f^l + itan - 1 |+C 


76 . 


f 7 dX n x = lim [ T— 1 b — lim [ J-r — 
Jl (x-1) 2 b — * oo Ll “ xj2 b — > oo Ll “ b 


■(-!)] = 


0+1 = 1 


77 . 


cos (29 + 1 ) 







(+) 

9 ► | sin {26 + 1) 



1 ► — | cos (2 9 + 1 ) 

0 => f9cos(29+ l)d9 = § sin(2<9+ 1)+ \ cos(26»+ 1) + C 
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78. / 



x 3 dx 

x 2 - 2x + 1 



/( x + 2 + 



3 x — 2 
x 2 - 2x + 1 



) dx 



— Tj — h 2x + 3 In | x — 1 1 - ~h C 



/(x + ^dx + s/jL + J^ 



/ 



sin 29 dd 
(1 + cos 2 0) 2 



1 T d(l + cos20) 

2 J (1+cos 2 d ) 2 



1 

2(1+ cos 26 ) 



+ C — ^ SCC^ 0 ~ h C 



80. 




+ cos 4x dx = — 




cos 2x dx = 



Vl 

2 



sin 2x 



»/2 

x /4 



Vi 

2 



/ x dx 


" y = 2 - x ' 


J y/2=l’ 


dy = — dx 





(2 - y) dy 

Cy 



+ c 



| y3/2 _ 4yl/2 + C = | (2 - x) 3 / 2 - 4(2 - x) 1 / 2 + C 



82. dv; [v = sin 9] -f / cos ^f/ de = f (1 ~£?f )de = f esc 2 0 dtf - f dd = cot 0 - 0 + C 

= -sin' 1 v - + C 

V 



83. 


f d y — , 

J y 2 — 2y + 2 - J 


P d(y — 1) _ 

I (y — 1 > 2 + 1 — 


tan 1 (y - 1 ) + C 






QA 


I x dx 


- 1 f 


d (x 2 + 1) _l • 


-1 ( X 2 + 1 \ 


- 1 - c 




0 i . 


J \/8 — 2x 2 — x 4 


_2j y/ 


9 — (x 2 


+ t) 2 2 


l 3 J 


1 E- 




85. 


r z+i d 7 - 


-\f(\ 


+ h 


- ££) dz 


= \ In |z| - 


_ J_ _ 
4 z 


■ 1 hi (z 2 + 4) 


86. 


J X 3 e x2 dx = \ 


fx 2 e x2 


d(x 2 


) = i (x 2 e x2 


-e x2 ) +C 


= fc! 


“ 2 1)e "+c 


87 


r t dt 


1 r d(9 


- 4 t 2 ) 


_ _ 1 .faZ 


~4f + C 








J V 9 - 4 ? 


8 J V9 


— 4 t 2 


4 V z 






88. 


u = tan' 1 x, du 


11 

+ 0- 


i ; dv 


= ^ ,v= - 


1 . 

X ’ 








/ tan -1 x dx 

J x 2 - 


- tan 1 

X 


x + 


r dx 

J x(l+x 2 ) “ 


— - tan' 1 x 

X 


+ 


dx lx dx 

x J 1+x 2 



= — i tan 1 x + In |x| — | In ( 1 + x 2 ) + C = — tan x lx + In |x| — In J 1 + x 2 + C 
89 - f e 2t + 3 e' + 2 ? [ e ‘ = X ] ^ / (x + IMx + 2) = J iCTT " f HT2 = 1 X + 1 1 ~ ln l X + 2 I + C = ln UtII + C 

= ln(l^)+C 



90. J tan 3 t dt = J (tan t) (sec 2 1 — 1) dt = — J'tan t dt = — ln |sec t| + C 



/ »cx 

, 



In y dy 

y 3 



x = ln y 

dx= ^ 
y 

dy = e x dx 



r 

Jo 



dx = 



r 

Jo 



xe 2x dx = lim 



= K lln V (2^-45®) - (°-i) = I 




b 

0 



/ cot v dv 


1 cos v dv 


u = ln (sin v) 


J ln (sin v) *. 


/ (sin v) ln (sin v) ’ 


cos v dv 

sin v 




In |u| + C = ln |ln(sin v)| + C 
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93. 



94. JeV 3 +4e e d<9; 

qc I sin 5t dt 
' J 1 + (cos 5t) 2 



u = 4e 9 
du = 4e 9 d£? 



96 



fe ,n ^ dx = f x /xdx= I x 3 / 2 + C 

-► j JV 3 + u du = 1 • | (3 + u) 3 / 2 + C = i (3 + 4e e ) 3/2 + C 

— > - i J = — i tan -1 u + C = - | tan" 1 (cos 5t) + C 

, d * = sec" 1 x + C = sec" 1 (e v ) + C 

xy x 2 — 1 



u = cos 5t 
du = —5 sin 5t dt 



I 



x/e 2 ' - 1 ’ 



x = e 
dx = e v dv 



97. 



f dr . 


u = y/r 


J 1 + y/r ’ 


du = S- 

L 2 V J 



I, 



I TT9 - f ( 2 - its) du = 2u -2 In |1 +u| +C = 2 v /r - 2 In ( + v /r) 2 C 



98. / 



4x 3 - 20x 
x 4 — 10x 2 + 9 



dx = f d( *-iM + 9 9) = 111 l x4 - 10x2 + 9| + C 

99- / TT dx = /( x - TT?) dx = / xdx -\5 if/? dx = 5 x2 - >0 + x2 ) + C 

100. f dx = 3 f dx = 3 In 1 1+ x 3 1 + C 

101. dx; = jA- + =*. 1 + x 2 = A(1 - x + x 2 ) + (Bx + C)(l + x) 

= (A + B)x 2 + (—A + B + C)x + (A + C) => A + B = 1, -A + B + C = 0,A + C=1=>A=|,B=I,C=| 

ftg dx = link + (1 /^) dx = ifrh dx + dx = 2 



, — ux = 5 / x-f— dx + 1 I , dx; 

l-x + x 2 ij 1 + x 3 J 3 + ( x _i\- 



du = dx 



ifiri du =lfd* du + if 



, 1 , du = ! In 

z + u 6 



l + u 2 



-tan 



ln |? + ( x - l) 2 | + ^ - x + x2 l + 

:/r^ dx + dx = IHI + x l + |ln| 1 - X + X 2 | + ^tan" 1 (^) + C 



102. / 



f l+x 2 d 


U = 1 + x" 


J (1+x) 3 ’ 


du = dx 



/i±^du = /Mi^± 2 du = /idu--/Adu + /Adu = ln|u| + ^T+C 



-Inll+xl+i^- (TCT+C 



103. 



2w 2 

4w 

4 

0 



xy 1 + Vxdx; 

i/l + w 



(+) 



(-) 



(+) 



w = yx => w = x 
2w dw = dx 



/2w 2 /rr w dw 



f(l+w) 3/2 

b(i + w ) 5/2 



IM^+w) 



7/2 



f 2w 2 a/ 1 +w dw = ^w 2 (l + w) 3/2 - |fw(l + w) 5/2 + ^(1 + w) 7/2 +C 



= Ml + vT' 2 - {f +7(1 + v7) J ' 2 + 1(1 + +7)"' +c 



5/2 



>7/2 
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104. 



f \J i + 



= V'+- 



w 2 = 1 + x 



2w dw = dx 



-> f 2w + w dw; 

|u = 2w, du = 2dw, dv = \J 1 + w dw, v = |(1 + w) 3,/2 



/ 2w y 2 1 + w dw = |w(l + w) 3/, “ — / |(1 + w) 3 ^ dw = jw(l + w) 3 ^“ — ^(1 + w) 5,/2 + C 
= f\/l+x(^l + \/l+x^ — j5^1 + \/l+x/ +C 



105 - / vVr^ dx; 



u = yx=^u = x 

2u du = dx 



/ 



\/l +u : 



du; 



u = tan 9, — | <9 < du = sec 2 0 d0, y/ 1 + u 2 = sec 9 



f , 2 + , du = J" d9 — / 2sec$d# = 21n|sec0 + tan0| + C = 21n y/l + u 2 + u 



CT 

= 2 In 



+ C 



\/ 1 + X + 



+ c 



106 - fc 



1/2 



- x 2 dx; 



jx = sin 9, — | < 9 < f , dx = cos 9 d 6, \J 1 — x 2 = cos 0, x = 0 = sin # =^> 0 = 0, x = 3 = sin 0 => 0 = | 
-► r /6 x /l + cos9cos9d9 = r /6 ^z^l C0S 9d9 = f n/6 Jf£mLd9 = lim f 6 *™£ml d6>; 

do v Jo i / 1 — cos# Jo v/l-cosfl c^0+ Jc vl -cose 

|"u = cos 0, du = -sin6>d6>, dv = , sing dfl,v = 2(l -cos(9) 1/2 

L V 2 1 — COS # ’ v ’ 



= lim 

c— >0+ 

= lim 

c^0+ 



= lim 

c^0+ 

= lim 

c^0+ 



= V3 1 



2 cos 9 ( 1 - cos 9) 1/2 1 V6 + r /6 2(1- cos 0) 1/2 sin 0 d0 

J C ^ C 

^2cos(|) (l — cos(l)) 1 ^” — 2cosc (1 — cosc) 1 ^ 2 ^ + f(l — cos0)' 

3 ^1 — — 2cosc(l — cosc) 1 ^ 2 + ^|(l — cos (|)) 3,/ " — |(1 — cosc) 3/ ^ 2 ^ 

3^1 — /^ — 2cosc (1 — cosc) 1 ^ 2 + j^l — — |(1 — cosc)' 

7) ,/2 + f(> - 7f = (1 - #f(^) = 



7r/6 
J c 



\ 3/2 



//+AEA dx = //(T+TiA) dx; 



u = 1 + In x 
du = -dx 



/ du = / du - /i du = u - ln|u| + C 



= ( 1 + In x) — In 1 1 + In x| + C = In x — ln| 1 + In x| + C 



108. f 



xlnxln(lnx) 



dx 



u = ln(lnx) 



du = -3— dx 

x In x 



109. p 



x lnx 



dx; 



P t du — ln|u| + C = ln|ln(lnx)| + C 

U = X lnx =» lnu = 111 X ln x = (lnx) 2 =*- ^du = ^ dx ^ du = ?ulnx d = 2x*Mnx 

\ / U X X X 



dx 



/ du 



= k + C = k lnx + C 



\lnx 



110. /(lnx) 

=> du = u 



1 , ln(lnx) 



1 . ln(lnx) 



dx; [u = (lnx) lnx =► lnu = ln(lnx) lnx = (lnx) In (lnx) =» 3 du = + ^)dx 

dx = (lnx) lnx [i + !^)jdx] /du = u + C = (lnx) lnx + C 
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111 . 



f 



, 1 dx = f 

V 1 — x 4 J -> 






dx; 



x 2 = sin#, 0 < 9 < 2xdx = cos#d#, 1 — x 4 = cos 6*1 —> l f . c ° sg „ dd 

’ — 2 ’ ’ v 2 J sin d cos 6 



J cscddd = — ^ln|csc0 + cot 6 + 



C — — jin 



i , yr 



C = — jin 



1 + yj 1 — x 4 
y 2 



+ c 



112 . 



/ 



dx; [u = y/l -x => u 2 = 1 - x =>• 2udu = -dxl f du = f du = f ( 2+ ^j) du; 
-+T = => 2 = A(u + 1) + B(u — 1) = (A + B)u + A — B=>A + B = 0, A — B = 2 

^A=l^B = -l;/(2+ 5 ^ T )du=/2du + /(^ T -^)du 

= 2u + ln|u — 1 1 — ln|u + 1 1 + C = 2\J 1 — x + tin 



113. (a) J Q f(a — x) dx; 



u = a — x=>du = — dx, x = 0=>u = a, x = a=^>u = 0 



- J* f(u) du = f(u) du, which is 



the same 

r> 7r/2 



integral as J () f(x) dx. 



n 'Kj'l 



(f~ x ) 



7t/2 



41 



sin ( ^ ) cos x — cos 1^1 sin x 



Hi 



dx 



= /„ 



i 7 t/2 r 

= x ] o = i ^ 2 /c 



sinx _ 7T 

0 sin x + cos x 2 



(b) r /2 . sinx dx = r 2 h dx = r = - - 

v 2 Jo sinx + cosx JO sin (| — x) + cos (| — x) JO sin(|) cos x — cos(|) sinx + cos (|) cos x + sin(|) sinx 

r *n/2 . c*7t/2 • p'k / 2 . . r7T/2 

1 sinx _ J ‘ sinx ^ x i I cosx ^ _ I 7 sinx + cosx j x _ I 7 ^ x 

/ o cos x + sinx — sinx + cosx JO sinx + cosx 'JO cos x + sinx Jo sinx + cosx JO 

7t/2 Ctt/ 2 . r?r/2 

’ ir . r\ I 1 sinx 1 tt . I ' 

JO si 



sinx _ 7[ 

1 0 sin x + cos x 4 



114. 






dx = 



/ 



sin x + cos x — cos x + sin x — sin x 



dx = 



/ 



sin x + cos x 



dx 



f 



—cos x + sin x 



dx 



/ —sinx 
sin x + cos x 



dx 



f dx — f cosx ~ sinx dx - f j* — dx = x - In I sinx + cosxl - f — dx 

J J sin x + cos x J sin x + cos x I I J sin x + cos x 

► 2 I . Slnx — dx = x — lnlsinx + cosxl =>■ / . sl " x — dx = § — (rlnlsinx + cosxl + C 

J sin x + cos x 1 1 J sin x + cos x 2 2 1 1 



115. f j 



sin 2x j _ f 

+ sEPx 0X “J 4 



sin x 
cos 2 x 

sin^x 



dx = 

_j_ sm 2 x J sec 2 x + tan 2 x 

cos^x COS 2 X 



I, 



j / tan 2 x + sec 2 x — sec 2 x j j tan 2 x + sec 2 x j j sec 

■ 2 y -i- tnn 2 Y J sec 2 x + tan 2 x J sec 2 x + tan 2 x j sec 2 x - 



tan 2 x 



dx 



= / dx - /otx dx = x - ; 2 tan 1 ( V^tanx) + C 

116 . fi^dx= f (1 -cosx) 2 dx _ f l-2cosx + cos 2 x dx= f dx _ f 2cosx dx + f ^ dx 
J 1 + cos x J 1 — cos z x J sin z x J sin z x J sin z x J sin z x 

= J'csc 2 xdx — 2 J'cscxcot x dx + J'cot 2 xdx = — cotx + 2cscx + J* ( csc 2 x— l)dx= = — 2cotx + 2cscx — x + C 



CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 



1. u = (sin -1 x) 2 , du — 2 sl f x dx ; dv = dx, v = x; 

V ' \J 1 — X 2 

f (sin^ 1 x) 2 dx = x (sin -1 x) 2 — J' 2x ^* 2 dx ; 
u = sin” 1 x, du = ^2^- ; dv = - ^2^ , v = 2^1 -x 2 ; 

V 1 — x 2 V 1 — x 2 

f 2X y‘i = 2 ( Sln l x ) \/ 1 — x 2 — J* 2 dx = 2 (sin- 1 x) \J 1 — x 2 — 2x + C; therefore 
J* (sin -1 x)" dx = x (sin -1 x) 2 + 2 (sin' 1 x) \J \ — x 2 — 2x + C 



2 . 



l _ l 

X X ’ 

1 _ 1 I_ 

x(x + 1) x x + 1 ’ 

1 _ J 1 I 1 

x(x+l)(x + 2) 2x x+1 ' 2(x + 2) ’ 
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i i i i i i 

x(x+ l)(x + 2)(x + 3) 6x 2(x+l) 2(x + 2) 6(x + 3) ’ 

x(x + 1 )( x + 2)(x + 3)(x + 4) = Ft - eorVn + 4uT2) - 60^3) + 240T+4, => the following pattern: 
— \ ' ^ • therefore f* — 

x(x + l)(x + 2) • • • (x + m) — (k!)(m — k)!(x + k) ’ L11CiCiUiC J x (x+ l)(x + 2) ••• (x + m) 

k=0 



= E 



(-1)* 

(k!)(m — k)! 



In |x + k| 



+ c 



3. u = sin 1 x, du = .d* ; dv = x dx, v = ; 

V 1 — x 2 z 



/xsin- 1 xdx=f sin-ix-/^; 



x = sin 9 
dx = cos 9 d 0 



J x sin 1 x dx = y sin 1 x — J - 



sin 2 6 cos 6 dd 



2 cos 6 



• 1 I 

= T 8111 X - 2 



J sin 2 9 (10 = 

a/ 1 — x 2 — sin -1 x 



■ x - i (f - + C = f sin” 1 x + 



sin V cos V — t 



4. J sin 1 y/y dy; 



z = Vy 

dy 

2 x/y 



dz = 



f 2z sin 1 z dz; from Exercise 3, fz sin 1 z dz 



z sin 
2 



^ + zv^-siy lz + c ^ J sin -l ^ dy = y Sin -1 ^ + y/9 v^ 2 sin- 1 y/y + , 



= y sin 1 y/y + 



Vy-y 



VZ 



+ c 



5 fr- 



t = sin 9 
dt = cos 9 d 0 



I 



cos 6 dd 
sin 6 — cos t 



f dfl . 

J tan 6 — 1 ’ 



u = tan 9 
du = sec 2 9 d 9 
d 9 = 



1 r du i r du _ i r u du 

2 J u — 1 2 J u 2 + 1 2 J u 2 + 1 

\ In ^t - V / T^) - 5 sin -1 1 + C 



= 2 ln 



u- 1 



\A?+T 



du 

u 2 + l J 
1 



I 



du 

(u-l)(u 2 + l) 



6 - 5 FT4 dx = f < 



i 2 + 2y - 4x 2 



dX = f 



x 2 + 2x + 2) (x 2 -2x + 2) 



~ 5 tan 1 u + C = i ln scc0 



dx 



tanfl-il _ 1 0 + C 



/[ 



2x + 2 



+ 



2x — 2 



dx 



J_ i n x J + 2x + 2 

16 111 x 2 — 2x + 2 



x 2 + 2x + 2 1 (x+l) 2 + l x 2 — 2x +2 1 (x-l) 2 + lj 

+ | [tan -1 (x + 1) + tan -1 (x - 1)] + C 



7. lim f sin t dt = lim [— cost]* = lim [— cos x + cos (— x)l = lim (— cos x + cos x) = lim 0 = 0 

X— • OO J -x X— > OO 1 J -X X — > 00 1 J X— > 00 v ' X — * oo 



8. lim | ^ 

X — > 0 + 



(?) 



= lim = | => ii m J c£|J dt diverges since j p diverges; thus 



f dt; lim . . * _ 

Jx t 2 t ^ 0 + (^) t -> 0 + cost x^0 + 

lim x XV dt is an indeterminate 0 • oo form and we apply l'Hopital's rule: 



X — > 0 + 

lim x fV dt= lim 

J X t 



0+ 



s:r« lim zm 

0 + 1 xT 0 + FI) 



= lim cos x = 1 

x — > 0 + 



9- nliPoo E In "V^+T = n^oo E ln ( ! + k (n)) (n) = / 0 ln (l + X > dx l 

k=l k=l 

— > X ln u du = [u ln u — u] j = (2 ln 2 — 2) — (In 1 — 1) = 2 ln 2 — 1 = ln 4 — 1 



u = 1 + x, du = dx 
x = 0 => u = 1, x = 1 => u = 2 
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dy _ — 2x . . , ( dy\ 2 _ (l-x-f +4x- _ 1 + 2x 2 + x‘ _ ( 1 + x- V . r _ f 1 2 /. , ( dy 

dx - l-x 2 => 1 + l^dx,) - (1 - x=) 2 “ (1 -x2) 2 _ Vl-xV’ L -Jo y i + ^dx 

= // (Jff) dx=f g / (-l + f ^ I )dx = / o / (-1 + + t^) dx= [— x + ln 

= (- i + In 3) - (0 + In 1) = In 3 - ± 



13 ' V = /> ( r fdt) (height) ^ = />xy dx 

t u = 1 — X 

— 6 tt J x 2 i/l — x dx; du = — dx 
x 2 = (1 — u) 2 

— > — 6 tt Jj ( 1 — u) 2 y/a du 

= —67 r J i °(u 1 /2 _ 2u 3 / 2 + U 5 / 2 ) dll 

= _ 6tT [| U 3 / 2 — | U 5 / 2 + 2 U 7 / 2 ] 1 = 6 7T (| — | + 2 ) 

= 6.(M^)=67T(i|) = t 
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16. V = J q 27r(ln 2 — x) (e x — 1) dx 

pin 2 

= 2n J o [(In 2) e x — In 2 — xe x + x] dx 

r 2I ln2 

= 27t pin 2) e x — (ln 2)x — xe x + e x + y 

= 2?r [2 ln 2 - (ln 2) 2 - 2 ln 2 + 2 + ^1 - 27r(ln 2+1) 

= 2tt - ^ - ln 2 + 1 

17. (a) V = J' 7r [1 — (ln x) 2 ] dx 

= 7r [x — x(ln x) 2 ] ' + 2-n J' ln x dx 
(FORMULA 110) 

= 7T [x — x(ln x) 2 + 2(x ln x — x)] [ 

= 7 r [—x — x(ln x) 2 + 2x In x] ' 

= 7 r [— e — e + 2e — (— 1)] = 7r 
(b) V = 7r( 1 — ln x) 2 dx = 7r [1 — 2 ln x + (ln x) 2 ] dx 

= 7r [x — 2(x In x — x) + x(ln x) 2 ] ' — 27r ln x dx 
= 7r [x — 2(x ln x — x) + x(ln x) 2 — 2(x ln x — x)[ ' 

= 7r [5x — 4x ln x + x(ln x) 2 ] [ 

= 7r [(5e — 4e + e) — (5)] = 7r(2e — 5) 




18. (a) V = 7 r f Q [(e y ) 2 - l] dy = 7rf g (e 2y - 1) dy = tt [f 
(b) V = 7rJ^ (e y — l) 2 dy = nj g (e 2y — 2e y + 1) dy = 7r 



7T (e 2 — 4e + 5) 

— 2 



[f -2=’ + y ]; = ^[(t - 2e+l) - (1 -2)[ 



19. (a) lim x ln x = 0 => lim f(x) = 0 = f(0) =>■ f is continuous 

X — > 0 + X — > 0 + 



(b) V = / fl 2 7rx 2 (ln x) 2 dx; 



u = (ln x) 2 
du = (2 ln x) f 
dv = x 2 dx 



„!™ [? (to *y] “ - /„’(?) t2 !n x, 



( ! ) dn 2) 2 < 1 > f — % [t lnx “ ^][] [ 



_ 8(ln 2) 2 16(ln 2) . 16 

— 77 3 9 '27 
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21 . M = Jj In x dx = [x In x — x] ' = (e — e) — (0 — 1 ) = 1 ; 
= £ (In x) ( ll ^) dx = \ £ (In x) 2 dx 
\ ([x(ln x) 2 ] ' - 2 £ In x dx) = \ (e - 2); 



M, = 



My = 



£ x In x dx = [^] C - l£ x 



dx 



1 

2 ' 



= i x 2 In x — 7T 



C 2 - f) + i] = i (e= + l) ; 



therefore, x=^ = ^andy=f = ^ 



22 . M = 



m > = i 



2 dx 



TTT^ =2[sin x x]g = tt; 



2x dx 

o \/l — X 2 



= 2 






= 2 ; 



J o 



therefore, x = -r£ = - and y = 0 by symmetry 



y 





23 . L = 



/,v 



1 + t dx = 



/; 



x/x 2 + l 



dx; 



x = tan 6 
dx = sec 2 8 dd 



X ta 

, 



sec fl-sec 2 6 dd 
tan 6 



r tan ~' e (sec 0) (tan 2 0+1) _ p"" 6 

J tt/ 4 tan0 U(7 Jtt/4 



(tan 8 sec 8 + esc 0) d# = [sec 8 — In |csc 8 + cot 8 \]\ 



= v/ 1 + e 2 - In 



+ - [v^-ln(l + v^)] = V / l+e 2 -ln(^ I ^ + i) - s/l + In (l + y/2) 



24 . y = In x => 1 + (j£) = 1 + x 2 =>■ S = 2 ^ rj^ xy / 1 + x 2 dy => S = 27 T f g e y y / 1 + e 2y dy; 



u = e y 
du = e y dy 



S = 2 t r 



77 , u = tan 8 „ r tan e . , . , . 

+ u 2 du; 9 , —+ 27 r / sec 8 ■ sec 2 8 d0 

du = sec 2 0 d( 9 j 

= 27 t (i) [sec 8 tan 0 + In |sec 8 + tan 0|]^ 4 e = 7 t |^y/l + e 2 ^j e + In \J 1 + 
111 (++)“ + 



y/ 2 - 1 +ln (y/ 2 + l) 



= 7 r 



25 . S = 



27 t £f(x) £ 1 + [f'(x)[ 2 dx; f(x) = (1 - x 2 / 3 ) 



3/2 



= 4 ’ r /.‘( 1 - x2/s ) ,,2 (i) llx; 



U = X 2 / 3 



=» [f'(x)] 2 + 1 = ^ => S = 2 tt £ (1 - x 2 / 3 ) 372 
1 7 r £(1 - u) 3 / 2 du = -6 tt £ (1 - u) 3 / 2 d(l - u) 



= -67T.|[(l-u) 3 / 2 ]; 



127T 

5 



dx 

yj x 2 / 3 



!6. y = 




t- ldt=> £ 

dx 
16 



■|xV< 



= />' ix = 

/ •OO 

, (?TT ~ £) dx = 



= \j^~ 1 =* l = / 1 i6 \/ i + (\ZvZx- 1 ) dx = r 6 /i+v^ dx 

= i( 16 ) 5/4 -f(i) 5/4 = f 
r( : =#T-f) dx = lim [ | In (x 2 + 1 ) — 1 In xl * = lim [ i In CzCJlH!] b 

J diVx 2 + l 2x/ b^oo 12 V 2 2 J i b _oo L 2 x Ji 

-,.1 tb 2 + n a . ,• !-'• i , • 



lim >c ./ 1 U (x 2 +l - 2x ) dx: 

lim \ [in ^ 2 a ] ; lim > lim £ = lim t+ 

b — > 00 2 I b I h — > no b h — > no b h -> no 



integral diverges if a > ^ ; for a = 1; lim 1 = lim J . 

1 z b — » oo D b — > oo V 



oo 

oo if a > \ 



l + i? = l 



lim | 

b — > oo 2 



the improper 

In ^±£1 _ ln 2 i /2 
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= \ (in 1 — i In 2) = — ^ ; if a < \ : 0 < lim 



(b 2 + l) a 



< lim 



(b+l) 2a 



= lim (b + 1 ) 2a 1 = 0 



lim In = “DO => the improper integral diverges if a < l ; in summary, the improper integral 



J* ( dx converges only when a = | and has the value — ^ 



28. G(x)= lim fV xt dt= lim 

h — ^ on 0 h — » rv 



-e xt l b = lim 
x Jo b — ' ex 



= ^ = Mf x > 0 => xG(x) = x (i) = 1 if x > 0 



29. A = J' ^ converges if p > 1 and diverges if p < 1 . Thus, p < 1 for infinite area. The volume of the solid of revolution 

r °° 2 poo 

about the x-axis is V = J 7r (^) dx = tt J which converges if 2p > 1 and diverges if 2p < 1. Thus we want 
p>l for finite volume. In conclusion, the curve y = x p gives infinite area and finite volume for values of p satisfying 
5 <P < !• 

30. The area is given by the integral A = ^ ; 

p = 1: A= lim [lnxl* = — lim In b = oo, diverges; 

F b = 0+ b->0 + 

p > 1: A = lim [x 1_p li = 1 — lim b 1_p = — oo, diverges; 

F b^o + 1 Jb b = 0+ 

p < 1: A = lim [x 1_p li = 1 — lim IV p = 1—0, converges; thus, p > 1 for infinite area. 

F b = 0 + b b = 0+ 

The volume of the solid of revolution about the x-axis is V x = nJ o |§ which converges if 2p < 1 or 
p<I , and diverges if p >1- Thus, V x is infinite whenever the area is infinite (p > 1). 

f o° ^ p°° ^ 

The volume of the solid of revolution about the y-axis is V y = tt j [R(y)]" dy = 7 rj i y2 } p which 
converges if — > 1 <=> p < 2 (see Exercise 29). In conclusion, the curve y = x p gives infinite area and finite 
volume for values of p satisfying 1 < p < 2, as described above. 



31. (a) 
(b) 



J »oo p b 

e*dt= lim J e“‘ dt = lim [-e“'] 0 = lim [— ^ — (— 1)] =0+1 = 1 
u = t x , du = xt x ~* dt; dv = e _t dt, v = — e _t ; x = fixed positive real 

=> T(x + 1) = f t x e~' dt = lim [— t x e~‘] b + x f t x ‘e ' dt = lim (— ^ + 0 x e°) + xT(x) 

J o b — > oo Jo b — > oo v e 



(c) T(n + 1) = nT(n) = n!: 

n = 0: T(0+ 1) = T(l) = 0!; 
n = k: Assume T(k + 1) = k! 
n = k+l: T(k +1 + 1) = (k + 1) T(k + 1) 

= (k + l)k! 

= (k + 1)! 

Thus, T(n + 1) = nT(n) = n! for every positive integer n. 



for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 



xT(x) 



32. (a) T(x) « (f) x -y/^andnT(n) = n! => n! « n = (")” \/2n7r 



n 


(i) n v^ 


calculator 


10 


3598695.619 


3628800 


20 


2.4227868 x 10 18 


2.432902 x 10 18 


30 


2.6451710 x 10 32 


2.652528 x 10 32 


40 


8.1421726 x 10 47 


8.1591528 x 10 47 


50 


3.0363446 x 10 64 


3.0414093 x 10 G4 


60 


8.3094383 x 10 81 


8.3209871 x 10 81 
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(c) 



n 


OOVzmr 


(g) n V^2n7r e 1/12n 


calculator 


to 


3598695.619 


3628810.051 


3628800 




cos 3x 



| sin 3x 



— jjcos 3x 



I = sin 3x + cos 3x — 1 1 => ^ I = ^ (3 sin 3x + 2 cos 3x) =>■ I = (3 sin 3x + 2 cos 3x) + C 



13 




sin 4x 



— i cos 4x 



- tz sin 4x 

lo 



I = - ^ cos 4x + ^ sin 4x - ^ I 



y| I = (3 sin 4x — 4 cos 4x) => I = (3 sin 4x — 4 cos 4x) + C 




sin x 



-cos x 



I = — sin 3x cos x + 3 cos 3x sin x + 91 

^ j sin 3x cos x— 3 cos 3x sin x j ^ 



-81 = — sin 3x cos x + 3 cos 3x sin x 



36. cos 5x 



(+) 



sin 4x 



— sin 5x 


Tr" 




— 25cos 5x 


(+) 


— ► 



| cos 4x 



TE sin 4 



I = — Y cos 5x cos 4x — ^ sin 5x sin 4x + y| I => 
=> I = i (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C 



Yg I = — i cos 5x cos 4x — A sin 5x sin 4x 



37. e‘ 




sin bx 



g cos bx 



— p sin bx 



I = — V cos bx + sin bx — I => 



b 2 






I = (a sin bx — b cos bx) 



=> 1 = 



a 2 +b 2 



(a sin bx — b cos bx) + C 
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38. e ax (+) cos bx 



ae 



ax 




sin bx 




I = ^ sin bx + ^ cos bx — ^ I => ^ I = ^ ( a cos bx + b sin bx) 

=> I = a2 e ^“ b2 (a cos bx + b sin bx) + C 




I = x In (ax) — J Q) x dx = x In (ax) — x + C 
40. In (ax) (+) x 2 



I = 1 x 3 In (ax) 



' 1 ^ ^ ) dx = | x 3 In (ax) — | x 3 + C 



41. 



r dx = r (3) = r 

J 1-sinx J i ( 2z \ J 



(1 — z) 2 1 — z 



= T A -+C = 



1 — tan (|) 



+ c 



42. 


f 


dx 


_ r (a> 


) 


_ r 


2 dz 


_ ( 


dz 


11 

5" 

+ 


z| + C 


J 1 + sin x + cos x 


J 1+ (l^+ 


1- Z 2 
1 + z 2 


^ J 1+ z 2 


+ 2z + 1 


-Z 2 “ J 


1 +z 




= In tan (f) + 1 + C 
















43. 


r 12 


dx 


r (a) _ 


r 


2 dz 


r^_i 




— 2) 


= 1 




Jo 


1 + sin x « 


Jo i + 


Jo 


O+z) 2 


Li+zJ 










V 1 + z / 
















44. 


r /2 


dx 


r tea 




r 1 dz _ 


r_ r 


1 1 


3/3 ' 


- 1 




Jn/3 


1 — cos X 




j = 


Jl/V3 z 2 


L z. 


1 t/Ts = 










Ki + i 1 


J 
















r /2 




n 1 (Adz ) 


r i 




n 


1 






1 


45. 


dd 


/ KHm) _ 


; f 


2 dz 


. — / 


2 dz _ 


2 


tan -1 -7- 

L 7+ 


— 2 tan" 1 1 

0 “ 73 1 75 


Jo 


2 + cos d 




Jo 


2 + 2z 2 + 1 — z s 


! Jo 


z 2 +3 


x/3 1 



7 r 7+ 

3+3 ~ 9 



46. 



r>2?r/3 


cos d dd 


rV 3 


(SSUiSM 




2(1— z 2 ) dz _ 


r ^ i~z 2 


Jn/ 2 


sin 6 cos 6 + sin 6 «. 


1 1 " 


2z (‘- z2 ) , / * ) 




j 1 2z — 2z 3 + 2z + 2z 3 t 


J 1 2z 








(l + Z 2) 2 U + z7 









dz 



Inz- Z T 



f = (l In s/3- |) - (0- J) = V - 1 = 1 (In 3 - 2) = ! (in - l) 



«■ / 



f dt 1 


r «« _ 


f 2 dz _ 


r 2 dz 


■' In 

+2 


Z + 1-+2 


J sin t — cos t J 


f 2z l-z 2 4 _ t 

V 1 + z 2 i + z 2 y 


/ 2z - 1 + z 2 


/ (z+l) 2 — 2 


z + 1 + \/2 



+ c 



-4= In 

+2 



tan ( ) ) + 1 — \Jl 






+ c 
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AQ P COS t dt _ f ' Z'/ t 

J 1-cost J i_flz 

\U 

_ r (i-^)dz _ r 

~ J (l + z 2 )z 2 - J z 2 ( 



r 2(1— z 2 )dz r 2(1— z 2 )dz 

J (1 +z 2 ) 2 - (1 + z 2 ) (1 — z 2 ) _ J (l+z 2 )(l + z 2 -l+z 2 ) 

fif? = /! =-i-2 t an- 1 z + c = -C0t(i) -t + C 



r dz 


r dz 


f dz _ 2 f 


J z 2 (1 +z 2 ) 


1 1+Z 2 - t 


/ z 2 Z J 



3 fsec (9 d0 — f — f ( t*#) _ f 2 dz _ f 2_dz _ f dz , f 

J - J cos g - J - J ,_ z 2 - J ( 1 +Z )( 1 _ Z ) - J 1+z + J 1 



= In 1 1 + z| — In 1 1 — z| + C = In ^ +C 

1 — tan 2 y 



50. /rac«d« = /& = /£§& =f 



= 1 f = In |z| + C = ln tan § +C 
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